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Abstract. From a system consisting of a ring R, a pair of _R-bimodules Q and P and an 
i?-bimodule homomorphism ip : P (g) Q — > R, we construct a Z-graded ring T^^p^Q^^-f called 
the Toeplitz ring and (for certain systems) a Z-graded quotient O^p q .^'^ of T(^p,q,^) called 
the Cuntz-Pimsner ring. These rings are the algebraic analogs of the Toeplitz C*-algebra 
and the Cuntz-Pimsner C*-algebra associated to a C*-correspondence (also called a Hilbert 
bimodule) . 

This new construction generalizes for example the algebraic crossed product by a single 
automorphism, fractional skew monoid ring by a single corner automorphism and Leavitt 
path algebras. We also describe the structure of the graded ideals of our graded rings in 
terms of pairs of ideals of the coefficient ring and show that our Cuntz-Pimsner rings satisfies 
the Graded Uniqueness Theorem. 
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Introduction 

In [20] Pimsner introduced a way to construct a C*-aIgebra Ox from a C*-correspondence 
X over a C*-algebra A. These so-called Cuntz-Pimsner algebras have been found to be a 
class of C*-algebras that is extraordinarily rich and with numerous examples included in the 
literature: crossed products by automorphisms, Cuntz algebras, Cuntz-Krieger algebras, C*- 
algebras associated to graphs without sinks and Exel-Laca algebras. Later on Katsura [T3] 
improved the construction of Pimsner in the case that the left action on the correspondence is 
not injective, this for example allows us to include the class of C*-algebras associated with any 
graph into the Cuntz-Pimsner algebras class. Consequently the study of the Cuntz-Pimsner 
algebras has received a lot of attention in recent years, and because information about Ox is 
densely codified in X and A, determining how to extract it has been the focus of considerable 
interest. 

It has recently been discovered that many of C*-algebras which can be constructed as 
Cuntz-Pimsner algebras have algebraic analogs. For example the crossed product of a ring 
by an automorphism is the obvious analog of the crossed product of a C*-algebra of an 
automorphism. In [6j Ara, Gonzalez-Barroso, Goodearl and Pardo inspired by a construction 
in C*-algebra constructed fractional skew monoid rings from actions of monoid on rings 
by endomorphisms. In [T7] Leavitt described a class of F-algebras L{m,n) (where F is an 
arbitrary algebra) which are universal with respect to an isomorphism property between finite 
rank modules, i.e. L(m,n)" = L(m, n)™. Later Cuntz ^ (independently) constructed and 
investigated the C*-algebra On, called the Cuntz algebras. When F is the complex numbers 
then On can be viewed as a completion, in an appropriate norm, of L(l,n). Soon after 
the appearance of [7], Cuntz and Krieger [8] described the significantly more general notion 
of the C*-algebra of a (finite) matrix A, denoted Oa- In [16] Cuntz-Krieger algebras were 
generalized to C*-algebras of locally finite directed graphs, and this construction has later 
been generalized several time and now apply to arbitrary directed graphs. Inspired by the 
fractional skew monoid rings and by the graph C*-algebras, Abrams and Aranda Pino [T| 
constructed the Leavitt path algebra of a row-finite directed graph. This construction was 
later generalized to apply to arbitrary directed graphs. The Leavitt path algebras provide a 
generalization of Leavitt algebras of type (l,n) just in the same way as graph C*-algebras 
C*{E) provide a generalization of Cuntz algebras, and they have recently attracted a great 
deal of interest (see for example [21 [3l [5l [22] ) . 

It would be interesting and useful to put these rings and algebras in a larger category of 
rings whose properties can be studied and analyzed from more simple objects, just as it has 
been done in the C*-algebraic setting with Cuntz-Pimsner algebras. This is the purpose of 
this paper. 

From a ring R and a triple (P, Q, tp), called an i?-system, consisting of two i?-bimodules P 
and Q and a i?-bimodule homomorphism ijj : P®Q — > R we construct a universal Z-graded 
ring T{^p^Q^^), called the Toeplitz ring associated with {P,Q,ip), which contains copies of R, 
P and Q and which implements the i?-bimodule structure of P and Q and the i?-bimodule 
homomorphism ip. We then, for i?-systems satisfying a certain condition which we call (FS), 
carefully study quotients of '7(p_q_^) which preserve the Z-grading of 7(pq ,^). We show that 
under a mild assumption about the i2-system {P,Q,ip), there exists a smallest quotient of 
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'^{p,Q,i}) which preserve the Z-grading of T{^p,q^^) and which leaves the embedded copy of R 
intact. We define the Cuntz-Pimsner ring O^p^q^^) of {P,Q,ip) to be this quotient. 

We show that the construction of Cuntz-Pimsner rings is a generahzation of, for example, 
the crossed product of a ring by an automorphism, the Leavitt path algebra of a directed 
graphs and of the fractional skew monoid ring of a corner isomorphism. We also generalizes 
the Graded Uniqueness Theorem known from Leavitt path algebras to our class of Cuntz- 
Pimsner rings, and describe the structure of the graded ideals of '7(p^q^^) (and thus of C(p,q,^), 
if it exists), in terms of pairs of ideals of R. 

We believe that our construction is interesting both from the point of view of algebra and 
from the point of view of operator algebra. Our construction unifies many interesting classes 
of rings, and we believe it will provide us with the right frame for studying properties, such 
as the ideal structure, the /^-theory, purely infiniteness, and the real and stable rank of these 
rings. It is also worth mentioning that the construction of Cuntz-Pimsner algebras have been 
generalized in several ways in C*-algebra (see for example [9J, [12] and [21]), and there is no 
reason to believe that the same cannot be done in the algebraic setting. We also expect that 
other examples of classes of C*-algebras which can be obtained through the Cuntz-Pimsner 
construction, such as C*-algebras associated with subshifts, can be adapted to the algebraic 
setting through our construction. So this paper is hopefully only the first step on the way 
of what we hope to be a fruitful adaption of work done in operator algebra to the algebraic 
setting. 

We also believe that if one is only interested in the C*-algebraic case, then there is some 
insight to be gained by reading this paper. One reason is that C*-algebras have some nice 
properties not shared by all rings. For example a C*-algebra is always non-degenerate and 
semiprime. This means that things which automatically work in the C*-algebraic setting do 
not necessarily work in the algebraic setting, and we believe that by studying the algebraic 
case, one gain some insight into why things work the way they do in the operator algebraic 
case. Here are some of the specific differences between the C*-algebraic case and the purely 
algebraic case: 

(1) In the algebraic case we are not just working with a single bimodule equipped with a 
inner product, but with more general systems consisting of two i?-bimodules Q and 
P connected by a bimodule homomorphism %p : P ® Q — > R. 

(2) If we are working with a right degenerate ring, then the Fock space representation does 
not have the universal property the Toeplitz representation should have. We therefore 
have to construct the Toeplitz representation in a different way. 

(3) Unlike in the C*-algebraic case, we do not in the algebraic case automatically have that 
every representation will induce a representation of the finite rank operators (which 
correspond to the compact operators) of the i?-system in question. We therefore have 
to introduce a condition on the i?-systems we are working with which insures that very 
representation will induce a representation of the finite rank operators. We do that by 
introducing the condition we call (FS). This is probably not the optimal condition, 
but it is quite natural and satisfied by all the interesting examples we consider in this 
paper. 

(4) Unlike the Toeplitz and Cuntz-Pimsner C*-algebras, the algebraic Toeplitz and Cuntz- 
Pimsner rings do not in general carry a gauge action. Instead, we have to work with 
Z-gradings. 
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(5) In the algebraic case, it is not always the case that a representation with all the 
properties the Cuntz-Pimsner representation should have, exists (that it always exists 
in the C*-algebraic case is because every C*-algebra is semiprime) . We think this is 
an interesting fact on its own, but it means that we in general have to work with 
relative Cuntz-Pimsner rings instead of Cuntz-Pimsner rings. 

Another reason why we believe that our construction is interesting from the point of view 
of operator algebra is that since we do not have to worry about any norms or topology, 
our arguments become more tangible than in the C*-algebraic setting. This allows us for 
example to put everything into a frame of category theory, something we think makes this 
whole construction more transparent. We believe that something similar can, and ought to, 
be done in the C*-algebraic setting. 

The contents of the paper. The contents of this paper can be summarized as follows: 

In Section 1 we give some basic definitions and introduce i?-systems {P,Q,ip) (Definition 
11.11) . We define the category C(p^q^^) of surjective covariant representations of an i?-system 
(P, Q, (Definition II. 4p and we prove that this category has an initial object which we call 
the Toeplitz representation (Theorem II. 7p . We then introduce some essential examples of 
this construction, namely i?-systems associated with ring automorphisms (Example II. 9p and 
with oriented graphs (Example ll.lOp . and we study their Toeplitz representations. 

Section 2 defines the ring of adjointable homomorphisms Cp{Q) (Definition 12. ip as well 
as its ideal of the finite rank adjointable homomorphisms J^p{Q) (Definition 12.21 and gives 
us the Fock space representation (Proposition 12.51) which we later show is isomorphic to the 
Toeplitz representation under certain conditions (Proposition I4.2p . 

In Section 3 we show that the Toeplitz ring T(^p^q^^), on which the Toeplitz representation 
of an i?-system {P,Q,%p) lives, comes with a Z-grading (Proposition 13. ip . We then go on 
to study graded and injective representations of {P,Q,ip)', that is representations which are 
compatible with the Z-grading of T^p^q^'^) (Definition 13.30 and for which the representation of 
R is injective (Definition ll.2p . To do this we need that representations of {P,Q,ip) induces 
representations of J^p{Q). In contract to the C*-algebraic case where a representation of a 
Hilbert bimodule always induces a representation of the compact operators of the bimodule, 
a representation of {P,Q,ip) does not automatically induces a representation of Tp{Q). We 
introduce a condition called (FS) on {P,Q,tp) (Definition 13.40 which guarantees that every 
representation of {P,Q,ip) induces a representation of J^p{Q) (Proposition 13. lip . Under this 
condition we define the relative Cuntz-Pimsner ring 0(p,q,^)(J) of an i?-system (P, Q, ip) with 
respect to an ideal J as a certain quotient of the Toeplitz ring T^^p^q^^) (Definition 13. 16p . and 
we show that the representations of (P, Q, ip) corresponding to these relative Cuntz-Pimsner 
rings, up to isomorphism, include all graded and injective representations of (P, ifj) (Remark 

E3DD. 

In Section 4 we use the classification of graded and injective representations obtained in 
Section 3 to first show that under certain conditions the Fock representation of an P-system is 
isomorphic to the Toeplitz representation (Proposition I4.2p . and we then show that a relative 
Cuntz-Pimsner ring 0{p,q,^)(J) satisfies the Graded Uniqueness Theorem (Definition 14.50 if 
and only if the ideal J is maximal among the ideals of R for which the corresponding relative 
Cuntz-Pimsner representation is injective (Theorem 14. 7p . We also show by example that 
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there can be more than one such maximal ideal (Example 14. 111) . This is in contrast to the 
C*-algebraic case where there always exists a unique such maximal ideal. 

If such a unique maximal ideal exists, then we define the Cuntz-Pimsner representation of 
the i?-system in question to be the relative Cuntz-Pimsner representation corresponding to 
this maximal ideal (Definition 15. ip . We do this in Section 5 where we also give conditions 
under which such a unique maximal ideal exists (Lemma 15.21 and 15.31) and show that several 
interesting examples satisfy these conditions (Example 15. 5[ [5l6| 15.71 and 15.81) . We then show 
that the Cuntz-Pimsner ring, the ring on which the Cuntz-Pimsner representation lives, 
automatically satisfies the Graded Uniqueness Theorem (Corollary 15.41) and use this to show 
that we can construct the Leavitt path algebras (Example 15. 8p ). the crossed product of a 
ring R by an automorphism (Example 15. 5p and the fractional skew monoid ring of a corner 
isomorphism (Example 15. 7p as Cuntz-Pimsner rings. 

In Section 6 we generalize the Algebraic Gauge-Invariant Uniqueness Theorem of [3] to 
our Cuntz-Pimsner rings (Corollary 16. Sp . and thereby to all Leavitt Path algebras (Corollary 
[62D. 

Finally in Section 7 we extend the classification of graded and injective representations 
obtained in Section 3 to graded representations which are not necessarily injective (Remark 
I7.12P and use this classification to give a complete description of the graded ideals of relative 
Cuntz-Pimsner rings (and thereby of Toeplitz rings, and of Cuntz-Pimsner rings) in terms of 
certain pairs of ideals of R (Theorem 17.271 and Corollary 17.281 and 17.291) . 

1. The Toeplitz ring 

First we establish the basic definitions for our setting. Throughout the paper we set 
No = NU {0}. 

A ring R is said to be right (left) non- degenerate if rR = {Rr = 0) implies r = 0. A ring 
R is said to be non-degenerate if it is both right and left non-degenerate. A non-degenerate 
has local units if for every finite set {ri, . . . , r„} C R there exists an idempotent e E R such 
that Tj G eRe for every i = 1, . . . ,n. 

Let i? be a ring. Given two i?-bimodules P and Q we will by P ® Q denote the i?-balanced 
tensor product. 

1.1. P-systems, covariant representations and the Toeplitz representation. 

Definition 1.1. Let i? be a ring. An R-system is a triple {P,Q,ip) where P and Q are 
i?-bimodules, and ip is a i?-bimodule homomorphism from P ^ Q to R. 

Definition 1.2 (Cf. [THl Definition 2.11]). Let i? be a ring and {P,Q,ip) an _R-system. We 
say that a quadruple {S, T, a, B) is a covariant representation of (P, Q, ^j) on B if 

(1) P is a ring, 

(2) S : P — > B and T : Q — > B are linear maps, 

(3) a . R — > P is a ring homomorphism, 

(4) S{pr) = S{p)a{r), S{rp) = cr(r)S'(p), T(gr) = T{q)a{r) and T{rq) = a{r)T{q) for 
every r E R, p E P and q E Q, 

(5) o-{tp{p ® q)) = S{p)T{q) for every p E P and q E Q. 

We denote by 7^(5, T, a) the subring of P generated by a{R) U T{Q) U S{P). If 7^(^, T, a) = 
P, then we say that the covariant representation (5*, T, a, P) is surjective, and if the ring 
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homomorphism a is injective, then we say that the covariant representation {S,T, a, B) is 
injective. 

Examples 1.3. 

(1) Let R be any ring and let P = Q = R he the regular i?-bimodules. Defining ip : 
P ® Q — > R by ® q) — pq- We then have that (P, Q, ■0) is an it!-system. We 
can define a covariant representation {S, T, a, R[t, t~^]), where R[t, t~^] is the Laurent 
polynomial ring with coefficients in R, by letting T(g) = qt, S{p) = pt~^ and a{r) = r 
for every p & P, q G Q and r E R. It is easy to check that {S, T, a, R[t, t~^]) is indeed 
a covariant representation of {P,Q,ip). Observe that this representation is injective 
and surjcctivc. 

(2) Let P = Q be the M-module M. Define : M (g) M — > M by (g) g) = -pq. We then 
have that {P.Q^ip) is an M-system. We can then define a covariant representation 
(5", T, cr, C) by letting T{q) = qi, S{p) = pi and a{r) ~ r for every p E P, q G Q and 
r & R. This representation is injective and surjective. 

(3) Let P = Q be the Z-module Z. Then if given any a G Z we define ■i/'a : Z Z — > Z 
by iIj{p g) = apq, then {P^Q^ipa) is a Z-system. Wc can then define a covariant 
representation (5, T, cr, C) by letting T(g) = q^/a., S{p) = p\fa and (T(r) = r for every 
p E P, q E Q and r e Z. Notice that the representation [S, T, u, C) is injective but 
not surjective. 

(4) Let V" be a i^'-vector space and let Q(— , — ) : V ^ V — > i^' be a non-degenerate 
quadratic form. Then y is a fT-module, and if we let P = Q = ^ and define 
i^Q : V ®V — > K by '4>q{p ® q) = Q{p,q), then {P,Q,iPq) is a X-system. Recall 
that the Chfford algebra Cl(y, Q) is the universal unital X-algebra generated by V 
and with the relation v'^ = Q{v,v)l for every v E V. Therefore we can define a 
covariant representation {S, T, a, Cl{V, Q)) of (P, Q, iJjq) by letting T{v) = v, S{v) = v 
and <7{k) = kl. This representation is surjective. 

Definition 1.4. Let P be a ring and {P,Q,iIj) an P-system. We denote by Ci^p^q^^) the 
category whose objects are surjective covariant representations {S,T,a,B) of {P,Q,ip), and 
where the class of morphisms between two representations {Si, Ti, ai, Pi) and {S2, T2, a^, P2) 
is the class of ring homomorphisms : Pi — P2 such that (f) oTi — T2, (f)o Si — S2 and 

O (7i = (72. 

The main purpose of this paper is, for a given P-system {P,Q,iIj), to study the category 
C{p,Q,tp)- First we will show that C(^p^q^^) has an initial object, but we begin with some more 
definitions and an easy lemma. 

Given an P-system (P, Q, ^) we define recursively the P-bimodules P®" and Q®" by letting 
P^ = P and = Q, and letting P®" = P®"-i ® P and Q®" = Q®'*-^ ® Q forn > 1. We 
also let P®° = g®° = P. We then define ipQ-.P^^Q^ — ^ P by 

n (8) r2 I — rir2 

for ri, r2 G P, and we let ijji = ijj and define recursively ^„ : P®" Q®" — P for n > 1 by 

{pi ® P2) (S) (gi ® ^2) I — ^ • V'n-i(p2 ® gi) ® g2) 
for p2 e P®"-i, Pi e P, gi e Q®"-^ and g2 G Q. 
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Lemma 1.5. Let R be ring and {P,Q,iIj) an R-system, and let {S,T,a, B) be a covariant 
representation of {P,Q,tlj). For each n E N there exist linear maps T" : Q®" — > B and 
gn . p®n — ^ ^ ^^^1^ thatT''{qi0q20---®qn) = T(gi)T(g2) • • • and S''{pi®p20 ■ ■ ■ 

Pn) = S{pi)S{p2) ■ ■ ■ S{pn)- 

Proof. Easily follows from the universal property of tensor products. □ 

Gradings by the following semigroup will play an important role in this paper. 
Definition 1.6. We define S to be the semigroup Nq with multiplication defined by 

(m, n — k + I) if n > k, 
[m + k — n,l) ii k > n. 

We are now ready to show that the category C(^p^q^^) has an initial object. 

Theorem 1.7 (Cf. [20j). Let R be a ring and {P,Q,ip) an R-system. Then there exists an 
injective and surjective covariant representation {ip, lq, lr,T(^p^q^^)) with the following prop- 
erty: 

( TP) If {S, T, a, B) is a covariant representation of {P, Q, ip), then there exists a unique ring 
homomorphism r](^s,T,a,B) ■ '^p,q,V) — ' ^ ^nc/i that r](^s,T,a,B)°LR = cr, r]{s,T,a,B)°LQ = T 
and r]{s,T,a,B) o Lp = S. 

Moreover, {tp, lq, lr, T(^p^q^-^)) is the, up to isomorphism in C(p^q^^ ), unique surjective covariant 
representation of {P,Q,tp) which possesses the property (TP): in fact, if {S,T,(7, B) is a 
surjective covariant representation of{P, Q, ip) and (p : B — > T(p,q,-^) is a ring homomorphism 
such that (j) o a = lr, (p o S = lr and (p o T = lq, then (p is an isomorphism. 

If we for m,n e N let T(^rn,n) '■= span{tQ (g)tp(p) | q G Q®", p G P®"}, and we forkeN 
let T(^k,o) ■= i^qiQ^'') and T^o.fe) := i%{P®''), and we let 7^o,o) := ^R^R), then ®(m,n)e$T(m,n) 
is a ^-grading ofT(^p^Q^^). The grading ©(m,n)es'^m,n) is the only ^-grading ©(m,n)es3^(m,n) of 
T{P,Q,^) such that lr{R) C 37(0,0), ''q(Q) ^ 3^(i,o); and lp{P) C y^o^i). 

We call {lr, Lq, lr,T(^p^q,ii,)) the Toeplitz representation of {P,Q,ip), and 7(p_q_^) for the 
Toeplitz ring of (P, Qyip). 

Proof. For (m, n) G let T(^rn,n) be the free abelian group generated by elements {[q,p] | g G 
Q®"^, p G P®"} satisfying the relations 

• [(l,Pi] + [(1,P2] = [q,Pi +P2] for q G Q®™ and pi,p2 G P®", 

• [Qi,p] + [?2,p] = [qi + q2,p] for gi, q2 G Q®"" and p G P®", 

• [qr,p\ = [q, rp] for r G P, g G Q*^" and p G P*^". 

For A; G N let T(^k,o) be the abelian group {[q] | g G Q"^^} with addition defined by [qi] + [^2] = 
[gi + ^2] for gi, g2 G Q'^'^ (so T(^k,o) is just a copy of the abehan group Q®^), and let '7(o,fc) be the 
abelian group {[p] \ p E P^^} with addition defined by [pi] + [^2] = [pi + P2] for Pi,P2 ^ -P*^*^ 
(so ^o,A:) is just a copy of the abelian group P"^^). Finally, let T(^ofl) be the abelian group 
{[r] I t G P} with addition defined by [ri] + [r2] = [ri + r2] for ri,r2 G R (so '7(o,o) is just a 
copy of the abelian group P). We let T(^p^q^^) := ®{m,n)e$T(m,n)- It is not difficult (but a bit 
tedious) to show that there exists a unique multiplication on '7(pq satisfying 

• [^i]N] = [rir2] for ri,r2 G P, 

• [r] [q] = [rq] for r G P, g G Q^'', k eN, 
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• [q][r] = [qr] for q G Q^^, r e R, keN, 

• [r][p] = [rp] for r e i?, p e P®^ A; e N, 

• [p] [r] = [pr] for p G F®'', r G i?, A; G N, 

• M M = [q,P] for g G p G P®', A;, / G N, 

• \pM = [Mp ® Q)] for g e g®^ p G P®^ A; G N, 

• [P] [qi ® 92] = ® gi)g2] for p G P®^ gi G Q®^ g2 e Q®', A;, / G N, 

• [Pi ®P2][g] = [pi,MP2^q)] for Pi e P®^ P2 G Q^', g G Q®', A;,Z G N, 

• = [rq,p] for r e R, q e Q®^, p G P®', A;, / G M, 

• [9,P]M = [QiPA fo^^ 9 ^ '^^^j P e ^®'> r e R, k,l eN, 

• [qi][q2,p] = [qi ® g2,p] for qi G g®^ ^2 e g®', p G P®"^, A;,/,m G N, 

• [qi,p][q2] = Miip «) 52)] for gi G p G P®', q2 G Q®', A;, Z G N, 

• [gi,Pi ® P2]N = [gi,PiV'm(p2 52)] for qi G pi G P2 G P®"*, q2 G Q®"^, 
k,l,m e N, 

• fei,p]fe2 ® gs] = [qiMp ® 52) ® gs] for qi G g®^ p G p®', ^2 e g®', ^3 e g®'", 

k,l,m e N, 

• [Pi][?,P2] = [V'fc(Pi ® g)P2] for Pi G P®^ q G g®^ P2 G P®', A;, / G N, 

• [pi ® P2][g,P3] = [pi^Kp2 g) «)P3] for Pi e P®*^, P2 e P®', g g g®', pa g p®"*, 

A;, /,m G N, 

• [Pi][9i ® 92, P2] = [^fc(pi ® gi)g2,P2] for Pi G P®^ gi G g®^ g2 G g®S P2 G P®"*, 
k,l,m e N, 

• [g,Pi][P2] = [g,Pi ®P2] for g G g®^ pi G P®', P2 G P®"^, A;J,m G N, 

• [9i,pi][g2,P2] = [giV'Kpi ® ?2),P2] for gi G g®^ Pi G p®^ g2 G g®', P2 g p®™, 

k,l,m e N, 

• [?i,Pi][92®g3,P2] = [giV'KPi®92)®g3,P2] for gi g g®^ pi G P®', g2 g g®', ga G g®"^, 
P2 G P®", kj,m,ne N, 

• [gi,pi ® P2][g2,P3] = [gi,pi^m(p2 ® g2) ®P3] for gi e g®^ pi g P®^ P2 g p®"*, 

g2 G g®™, P3 G P®", A;, /, m, n G N. 

With this T(^p,Q,^) becomes a ring. 

Let Lr : R — ^ 'T(p,Q,tp) be the map r 1 — > [r], lq : Q — > T[p,Q,tp) the map g 1 — > [g], and 
bp : P — > T{p,Q,^) the map p 1 — > [p]. Then (tp, lq, lr, T^p^q,^)) is an injective and surjective 
covariant representation of (P, Q,ip)- 

Let {S,T,a,B) be a covariant representation of {P,Q,ip). Since T(^p^q^^) is generated by 
iR{R)ULQ{Q)ULp{P), there can at most be one ring homomorphism rj(^s,T,a,B) '■ T{p,Q,tp) — ^ B 
such that r](s,T,a,B) 01^ = a, i](^s,T,a,B) oiQ = T and ri{s,T,a,B) oip = S. For (m, n) G the set 
span{T'"(g)S'"(p) | g G Q®^,p G P®'^} is a subgroup of P in which the relations 

• T™(g)5"(pi) + T'"(g)5"(p2) = T'"(g)5"(pi + P2) for g G g®™ and pi,P2 G P®", 

• T"'(gi)5"(p) + T™(g2)5"(p) = T™(gi + g2)^"(p) for gi, g2 G g®'" and p G P®'*, 

• r"^(gr)5"(p) = T"^(g)5"(rp) for r G P, g G g®"' and p G P®", 

are satisfied, so there exists a group homomorphism r]{rn,n) from to B such that 

^(m,n)([9,p]) = T'^{q)S''{p) for g G g®"* and p G P®". For A; G N let r]^k,o) denote the 
map T'^, and let 77(0,*;) denote the map 5''^. Finally, let 7^(0,0) denote the map a. Then there 
exists a linear map r](^s,T,a,B) '■ '^{p,Qtp) — B such that for each {m,n) G § the restriction of 
V{s,T,a,B) to Ti^m,n) IS equal to 77(m,n)- K is not difficult to check that r](^s,T,a,B) is multiplicative. 
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and thus a ring homomorphism. It is clear that rii^s,T,cr,B) ° i^R = o', ri(^s,T,a,B) ° i^Q = T and 



V{s,T,a,B) o ip = S. Thus the representation (ip, lq, lr, T^p^q^^^) possesses property (TP) 

If (S", T, 0", B) is a surjective covariant representation of (P, Q, ■?/') and : i? — ^ '^{p,q,ii>) is a 
ring homomorphism such that (poa = Lp, (j)oS = Lp and 0oT = lq, then ?7(s,r,(T,_B) = 
a{r) for all r G -R, r]is,T,a,B) ° (p{S{p)) = S{p) for all p G P and r]is,T,a,B) ° 4>{T{q)) = T{q) for 
all q E Q. Since B is generated by cr(P) U 5'(P) U T{Q), it follows that ri(^s,T,a;B) o is equal to 
the identity map of B. One can in a similar way show that (f)OTi(^s,T,a,B) is equal to the identity 
map of T(^p^Q^^y Thus and ri(^s,T,a,B} are each other inverse, and is an isomorphism. 

It is clear' that T(^rn,n) = span{i™(g)i^(p) | q G Q^™, p G P®"} for m,n G N, that 

^fe,o) = ^qIQ®"^) and T^o.fc) = 4{P^') for A; G N, that 7^o,o) = and that ©(„,„)6sV,n) 

is a §-grading of T(^p,Q,,p). 

If ©(m,n)gs3^(m,n) is another §-grading of T(^p,q,^) such that Lp{R) C 37(0 0), ^^(Q) C 37(1 o), 
and tp{P) C 3^(0,1), then it follows that '7(m,n) ^ 3^(m,n) for each {m,n) G S, and thus that 
'T(m,n) = y(m,n) for cach (m, n) G S. □ 



Remark 1.8. It follows from Theorem 11.71 that the Toeplitz representation is an initial 

object of C(p,Q,^). It also follows that there is a bijective correspondence between covariant 
representations of an P-system {P,Q,iIj) and ring homomorphisms defined on Ti^p^Q^^y 



1.2. Examples. We end this section by looking at some examples. We will return to these 
examples later in the paper. 



Example 1.9. Let P be a ring and let G Aut(P) be a ring automorphism. Let P =: 
be the P-bimodule with the right action defined by p ■ r = p^{r) and the left action defined 
hy r ■ p = rp for p E P and r E R. Likewise, let Q := P^-i be the P-bimodule with the right 
action defined by q-r = qip~^{r) and the left action defined hy r ■ q = rq for q E Q and r E R. 
Thus we can define the following bimodule homomorphism: 



i;:P(g)RQ — ^ P 

p'S>q I > p(p{q). 



Notice that we for every n E N have that P*^" is isomorphic to R^pn and that Q®"' is 
isomorphic to R^p-n. We will in the following for every n G No identify P®" and Q®" with 
P. We then have that pi® P2 = PiV^^^Pa) for pi G P"^"-! and p2 G P®"2^ and that qi® q2 = 
(52) for qi G Q®"i and e Q®"2_ 

Let {S,T,a, B) be a covariant representation of {P,Q,iIj). For r E R and n G N let 
[r,n] := S'"(r), [r, — n] := T^{r) and [r, 0] := cr(r) = r°(r) = ^^(r). For ri,r2 G P and 
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ni,n2 G No choose Ui, U2 & R such that uri = ri and r2U2 = r2. Then we have 



[ri,n,][r2,n2] = S"^(ri)^"^(r2) = 5"^+"^(ri ® ra) 

= 5"^+"^(ri<^"n^2)) = [ri<^"n^2),rii +n2], 
[n,-ni][r2,-n2] = r"^(ri)T"^(r2) = T"^+"2(ri ® r2) 

= r"^+"^(riy.-"n^2)) = [ri</^-"H^2),-^i -^2], 
[ri,ni][r2,-ni] = 5"Hn)T"nr2) = a(^„, (n ® r2)) 
= ^(ri</^"Hr2)) = [ri</."Hr2),0], 
[ri,ni + n2][r2, -^2] = [uiri,ni + n2][r2, -^2] 

= [ui,ni][v9""^(ri),n2][r2, -^2] 

= [ni,ni][^-"Hri)v9"^(r2),0] 

= [niri^"^+'^^(r2),ni] = [ri(^"^+"^(r2), ni] 

and 

[ri,ni][r2, -ni - 7x2] = [ri,ni][r2, -ni][v9"^(M2), -^^2] 
= [ri<^"nr2),0][<^"n^2),-^2] 
= [ri<^"H'"2),-H 

Thus [ri, fci] [r2, /i:2] = [?"i</''^^(?"2), ^1 + ^2] for ri,r2 G i? and ki,k2 G Z if fci and /c2 both are 
non-positive, or both are non-negative, or if ki is non-negative and k2 is non-positive. We 
also have that [ri, k] + [r2, A;] = [ri + r2. A;] for ri, r2 G -R and G Z. 

If on the other hand we have a ring B which contains a set of elements {[r, k] : r & R, A; G Z} 
satisfying [ri, /c] + [r2, k] = [ri +r2, k] and [ri, A;i][r2, ^2] = [rif^^{r2), ki + ^2] if ki and A;2 both 
are non-positive, or both are non-negative, or if ki is non-negative and A;2 is non-positive, and 
we define a : R — > B by cr(r) = [r,0], S : P — > B by S{p) = [j9, 1], and T : Q — > B by 
T(g) = [q, —1], then {S, T, a, B) is a covariant representation of (P, Q, ■?/'). 

Thus T[p^Q^^) is the universal ring generated by elements {[r, k] : r & R, A; G Z} satisfying 
[ri,A;] + [r2,A;] = [ri + r2. A;] and [ri, A;i] [r2, A;2] = [riip^^{r2), ki + A;2] if ki and A;2 both are 
non-positive, or both are non-negative, or if ki is non-negative and A;2 is non-positive. We 
will in Example 15.51 see that if R has local units then a certain quotient of T(p^Q^'ip) {the 
Cuntz-Pimsner ring of {P, Q, ip)) is isomorphic to the crossed product i? Z. 

Example 1.10. Let E = {E^,E^) be an oriented graph and let F be a commutative unital 
ring. We define the ring R := (Bvi^EoFy where every F„ is a copy of F, and we denote for each 
f G by 1^ the unit of Fy. Observe that R is non-degenerate with local units. We also 
define Q := ©eGSi-^e and P := ©eGSi-Pg where every F^ and F^ are copies of F with units Ig 
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and le respectively, with the following i?-bimodule operations: 






\r{e)=v 




y s(e)=t; 




' E - 

y s(e)=j; 


5:1 


^ E ... 

y r{e)=t) 



le, 



le, 



le. 



for every {s^}^e£;o C F and {Aejeeiji ^ F. 

Now if we define the following i?-bimodule homomorphism 

then (PjQjiJj) is an i?-system. 

Let {S,T,a,B) be a covariant representation of {P,Q,ip) and let := c^(l^,) for t> G 
and let = T{le) and i/e = S{le) for e G -E^. It is easy to check that {pv}veEO is a family of 
pairwise orthogonal idempotents, and that for all e, f E we have that Ps{e)Xe = Xe = XePr{e), 
Pr{e)ye = He = VePsie), and i/eX f = SejPr{e)- Since R is an F-algebra, and P and Q are F- 
modules, the ring TZ{S,T, a) becomes an F-algebra when we equip it with an F- multiplication 
of F defined by Aa(r) = a(Ar), XS{p) = S{Xp) and AT(g) = T(Ag) for A G F, r G i?, p G P 
and q E Q. 

If on the other hand B is an F-algebra which contains a family {pv}veEO of pairwise 
orthogonal idempotents and families {xe}eeE^ and {ye}eeE^ satisfying for all e, f E E^ that 

Ps{e)Xe = Xe = XePr{e), Pr(e)l/e = 2/e = l/ePs(e), and T/eX/ = SejPr{e), and We for r = Y.V&EO ^v'^-v ^ 

R let a{r) := Y.v&eo ^vPv, for p = T^^eE^ X^U e P let S{p) := Y^eeE^^eXe, and for q = 
Xlee^i -^elfi ^ Q '^il) •= Xlee-Bi -^e^e' ^^eu {S,T,a,B) is a covariant representation of 

Thus Te := T(^p^Q^^) is the universal P-algebra generated by a set {py : f G F°} of pairwise 
orthogonal idempotents, together with a set {xe,ye '■ e G F^} of elements satisfying for 
e,/GFi 

(-^) Ps{e)Xe Xg XePr(e), 

(2) p^(e)?/e = Z/e = Z/ePs(e), 

(3) ?/eX/ = 5ejPr(e)- 

We will in Example 15.81 see that a certain quotient of Te is isomorphic to the Leavitt path 
algebra Lf{E) associated with the graph F, cf. p^.[2].[3].[5]fc[22]. 
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2. The Fock space representation 

We will in this section for an arbitrary ring R and an arbitrary i?-system (P, Q, tp) construct 
a representation which we call the Fock space representation. This construction is inspired 
by a similar construction in the C*-algebra setting, cf. |20] and [13]. We will later show (see 
Proposition I4.2p that the Fock space representation under certain conditions is isomorphic to 
the Toeplitz representation. 

We begin by establishing some notation which will be used in the rest of the paper. 

Definition 2.1. Let i? be a ring and {P,Q,iIj) an i?-system. Then a right i?-module homo- 
morphism T : — ^ is called adjointable with respect to ip if there exists a left i?-module 
homomorphism S : /jP — > rP such that 

^(p®r(g)) =^(5(p) ®g) VpGP Vgeg. 

We call 5* an adjoint of T with respect to if). We write Cp{Q) for the set of all the 
adjointable homomorphisms (with respect to Notice that without further conditions the 
adjoint can be non-unique. We denote by Cq{P) the set of all the adjoints. 

Observe that Cp{Q) and Cq{P) are subrings of End(Q/j) and End(ijP) respectively. 

Definition 2.2. Let P be a ring and (P, Q^ip) an P-system. For every p E P and q E Q we 
define the following homomorphisms 

'■ Qr — ^ Qr. (^p,q '■ rP — ^ rP 

X I — >qil){p®x) y I — > ip{y ® q)p 

Then 9q^p G Cp{Q) and has Op^q as an adjoint. 

We call these homomorphisms rank 1 adjointable homomorphisms, and we denote by J-'p{Q) 
the linear span of all the rank 1 adjointable homomorphisms. Similarly, we denote by J-'q{P) 
the set of all rank 1 adjoints. 

Lemma 2.3. Let R be a ring and {P,Q,il!) an R-system. IfT G Cp{Q) (with an adjoint S), 
p E P and q E Q, then we have that 

TQq^p = QT{q),p and 'S)q,pT = &q,S(p) ■ 

Thus J-'p{Q) is a two-sided ideal of Cp{Q). 

Proof. Is easy to check using the definitions. □ 

Notice that the above result does not depend on the choice of the adjoint. Notice also that 
by a dual argument we have that JFq(P) is a two-sided ideal of Cq{P). 

Definition 2.4 (Cf. [IS], Section 2.2] and [2D])- Given a ring P and an P-bimodule Q we 

define the tensor ring or Fock ring F{Q) by 

oo 
n=0 
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Despite the inherited ring structure of F{Q) (see [TT] for more information about tensor 
rings) we are only interested in the i?-bimodule structure of If (P, Q, ip) is an i?-system, 

then we can define an i?-balanced i?-bihnear form 



■) : F{P) X F{Q) 

({Pn}, {qn}) 



R 



that one can extend to a -R-bimodule homomorphism ip : F{P)®F{Q) — > R by the universal 
property of the tensor product. 

Define the ring homomorphism (poo '■ R — ^ jCF{P){F{Q)) assigning tor E R the adjointable 
homomorphism (pcxi{r) of F{Q) defined by 4>oo{i^){{qn}) = {f^Qn}- Notice that (fooir) defined 
as (Poo{r){{pn}) = {Pnr} is an adjoint of (pooir). 

If for every n G Nq we define 0^ : R — > Cpts^iQ'^'^) as (t)'^{r){qn) = rq^, then we can write 
(j)oo{r) in the following matrix form 



0oo(r)({g„}) 



V 






\ 










lir) 










\ ■ J 



Given an i?-system (P, Q, ip), for every n,m E Nq with n < m and q E 
the following right P-module homomorphism 



\ we define 



-i(n,m) 



: Q^" 

Qn 



and the left P-module homomorphism 



q®qn 



where pi E P®" and p2 E 



For g G Q let T, 



(n) 



i(n,n+l) 



and U, 



in) ._ 



(n+l,n) 



. We define the creator homomorphism 



T, : F{Q) F{Q) by 

Tg{{qn}) ■■= {0, Tf )(go), T«(gi), . . .} = {0, qqo, g ® gi, . . .} . 
Observe that we can write Tg in the following matrix form 



/ 



Tqiiqn}) 



(0) 



(1) 



V 





\ 


/ qo\ 






qi 







q2 


Tf ^ 




qs 









One gets that Tg G Cf(p){F{Q)) with an adjoint homomorphism Uq : P(P) — > F{P) defined 
by Uq{{pn}) = {u!f\pi), Up^\p2), • • •} and which can be written in the matrix form 
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/o c/f 



mpn}) 



a 



a 



(1) Pi 

P2 
P3 

V / { : J 

Similarly, for every n, m e No with n <m and given any p e p®"*-"^ -y^^rg (define the following 
right it!-module homomorphism 

gi(8)?2 I — > ipm-nip <S) qi)q2 
where qi e Q®"*-" and ^2 £ <5®", and the left i?-module homomorphism 



Pn 



We denote by 



(n) 



(n,n+l) 



and Vr 



(n) 



_^ p®in 
I >Pn®P- 

y{n+i,n) ^YiQxe p & P, and we then define the 



right i?-module homomorphism Sp : F{Q) — > F{Q) by Sp{{qn}) := {'S'p°''(gi), 5'p^''(g2), • • •} 
which can be written in the following matrix form 



Sp{{qn}) 



/o 



V 



s 



(2) 



\ / 90 \ 

92 
93 

V : J 



I 



One gets that Sp e CF{P)iF{Q)) with an adjoint homomorphism : F(P) 
given by Vp({pn}) ■— {0, Vp^\po), Vp^\pi), . . .} and with matrix form 



F{P) 



( 



(0) 



(1) 



(2) 



V 









Pi 




P2 




P3 







Proposition 2.5. Let R be a ring and (P, Q, t/^) an R-system. Denote by Tjr the map from Q 
to Cf(^p-){F{Q)) given by q i — > Tg, by Sjr the map from P to Cf(p){F{Q)) given by p i — > Sp, 
and by cxjr the map from R to Cp{^p){F{Q)) given by r i — > 4>oo{j'), and let T{p^q^^) he the 
suhring of Cfi^p){F{Q)) generated by Tjr{Q) U Sjr{P) U ajr{R). Then {Sjr, Tjr, ajr, Ti^p^q^^))) is 
a surjective covariant representation of {P, Q, This representation is injective if and only 
if R is right non-degenerate. 

We call {Sjr, Tj7, aj^, J-(p^q^^))) for the Fock space representation of {P, Q, 

Proof. It is clear that the maps TV, Sjr and a^r are linear, and that for every r & R, p & P 
and q E Q we have that 



{r)Sp = S, 



rpi 



Sp(t)oo{r) 



s 



pri 
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from which it follows that ojr is a ring homomorphism and that 

5'^(pr) = S'^(p)o-^(r) , Sjr{r'p) = ajr{r)Sjr{p) , 

Tj^{rq) = ajr{r)Tj7{q) , Tj^iqr) = Tjr{q)(Tr{r) 
for every r E R, p E P and q E Q. 

Given any p E P and q E Q we have for every n e No that S^^Tq^\qn) 
qn E Q®'^, and hence the composition homomorphism SpTq gives 

/ 



ip{p® q)qn for 



SM{q^}) 



/O 



V 



0(0) 

Op 







q(1) 
Op 









5 



(2) 







(0) 





c(l) 

Op 





/o 4°^ 



V 

/ i){p ® q)qo \ 

i>{p ® 















qqo 

q® qi 
q® q2 






















qi 


7^(1) 














7^^^ 












■ ) 







V 



{ip{p®q)){{qn}), 



I 



from which it follows that aj:{^{p ® q)) — Sj^{p)Tj^{q) for every p E P and q E Q. Thus 
{Sjr,Tj:,ajr,T(^P^Q^^^)) Is a surjcctive covariant representation of {P,Q,ip). 

Finally it is clear that (^jf, Tjf, cr^, ^(p,q,^)) is injective if and only if R is right non- 
degenerate. □ 

Notation 2.6. Let us denote by the opposite ring of B. Given a,b E we write a ■ b 
for the product of a and b in B"^. Thus a ■ b = ba. 

Remark 2.7. Let i? be a ring and let {P,Q,iIj) be an /^-system. Wc could define an anti- 
representation of {P,Q,ip) to be a quadruple {V,U,ri, B"p) where is a ring, rj : R — > 
B°P is an ring homomorphism, U : Q — > B°^ and V : P — > B°p are linear maps, and 
U{qr) = U{q) ■ r]{r), U{rq) = r]{r) • U{q), V{rp) = rjij-) ■ V{j)), V{pr) = V{p) ■ rj{r-) and 
V{p) ■ U{q) = fjiipip ® q)) for every r E R, q E Q and p E P. If we then denoted by U^n 
the map from Q to Cp(Q){F{P)) given by q 1 — > Ug, by V^t the map from P to Cf(Q){P{P)) 
given by p 1 — > Vp, and by rjjrt the map from it! to CF{Q){F{Pj) given by r 1 — > (^00 (^)) then 
(V^u, Uj7t,r]j7t, i^fpQ tp))"^) would be an anti-representation of (P, Q, ip), where -^(pg ^) is the 
subring of Cf(^q){F{P)) generated by U^^iQ) U IV8(P) U r]j.i{R) 

Notice that in general the rings J-'{p^Q^.ip) and ^fpQ^^ are not isomorphic. For example 
if is a right non-degenerate ring, but not a left non-degenerate ring, then if we consider 
the i?-system {P,Q,iIj) where P = Q = and ip is the zero homomorphism, we have that 



R and r, 



R/I where I = {r E R : Rr = 0}. 
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3. Relative Cuntz-Pimsner rings 

The Toeplitz representation of an i?-system (P, Q,ip) is in general too big to be an attrac- 
tive representation of {P,Q,iIj). We will in this section study a certain subclass of covariant 
representations of {P,Q,ip) and, for i?-systems satisfying the condition (FS) defined below, 
completely classify these representations up to isomorphism in C(pq ,/,). We begin by describ- 
ing this class of representations. 

Remember (cf. Theorem 11.71) that 7(pq ,^) comes with a S-grading ®(m,n)T(m,n) where § 
is the semigroup defined in Definition II. 6[ It will often be more convenient to work with a 
Z-grading instead of this S-grading. 

Proposition 3.1. Let R he a ring and let {P,Q,iIj) be an R-system. If we for k E 1^ let 

'^{P,Q,ip) ~ ®(m,n)eS, ■m-n=k T(^m,n), then ®n&iX^p^Q^^) a Z- grading of T(^p^Q^^y The grading 
the only Z-gradmg ©„ez3^("^ ofT^p^Q^^^ for which iR{R) C 37(0), lq{Q) C 3^(1), 
and ipiP)cy(-^l 

Proof. It easily follows from Theorem 1 1 . 71 that ©„gz^pQ ^) is a Z-grading of Ti^p^q^ip) and that 

Suppose ©nGz}^*-"-* is another Z-grading of 7(p^q^^) and that lr{R) C y^^\ LqiQ) ^ 3^*-^'*, and 
^p{P) ^ y^-^\ Then T^J^q^^) C for each neZ from which it follows that T^p^q^^-^ = 3^^"^ 
for each n E Z. □ 

Proposition 3.2. Let R be a ring, {P,Q,ifj) an R-system, {S,T,a, B) a surjective covariant 
representation of {P,Q,ijj), and let f](s,T,a,B) '■ T{p,Q,ip) — ^ B be the ring homomorphism from 
Theorem [Til If ^ri&B^"^^ is a Z-gradmg of B such that a{R) C B^^\ T{Q) C ^(i) and 
S{P) C then V(s,T,a,B){'^(RQ,^)) = ^^"^ etiery n G Z. 

Proof If ©„gz5^"^ is a Z-grading of 5 such that a{R) C B^^\ T{Q) C ^(i) and S{P) C B^^^\ 
then Tl{^s,T,a,B){Tlp^Q^^)) ^ ^("^ for every n G Z. It follows that ©nez'7(s,T,a,B)(^i^Q,^)) is a 
Z-grading of B, and thus that ri(^s,T,cr,B){'^i^p^Q ^)) = -B*-"-* for every n G Z. □ 

Definition 3.3. Let i? be a ring and (P, Q, ip) an P-system. A surjective covariant represen- 
tation (S,T,a,B) of {P,Q,ip) is graded if there exists a Z-grading ©„ez-B*-"^ of B such that 
a(P) C P(0), r(Q) C P(i), and ^(P) C p(-i). 

The aim of this section is to classify all surjective, injective and graded representations of 
an P-system. Unfortunately, we do not know how to do that for general P-systems, but only 
for P-systems satisfying a condition we have chosen to call (FS) and which is defined below. 
This condition is probably not the optimal one, but many interesting examples do satisfy this 
condition. 

3.1. Condition (FS). We will now introduce the condition (FS) and show some fundamen- 
tal results for P-systems satisfying this condition. 

Definition 3.4. Let P be a ring. An P-system {P,Q,iIj) is said to satisfy condition (FS) 
if for every finite set {qi, . . . , g„} C Q and {pi, . . . ,Pm} ^ P there exist 6 G J^p{Q) and 
A G J^q{P) such that 6(gj) = qi and A{pj) = pj for every i = 1, . . . , n and j = 1, . . . , m 
respectively. 
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Example 3.5. Observe that condition (FS) appears in a natural context. Let Q be an 
i?-bimodule such that Qr is a finitely generated projective right i?-module. Then define 
P :— Q* = }lomf{{Qji, R). We then have that P is an i?-bimodule such that ^P is a finitely 
generated projective left i?-module with P* = Q** — Q. Therefore we can define 

tJj-.P^rQ —^R 
f0q I — > f{q). 

Observe that by the Dual Basis Lemma there exist qi, ■ ■ ■ ,qn ^ Q and /i, • ■ ■ , /n £ -P such 
that Xir=i ^ifiil) — 1 every q E Q. Dually and since P* = Q, there exist pi, . . . ,pm G Q 
and Qi, ■ ■ ■ , Qm ^ P* = Q such that Yl^=i 9j{p)Pj = P for every p E P, from where condition 
(FS) follows. 

Definition 3.6. Let i? be a ring. An i?-systcm {P,Q,iIj) is non-degenerate if whenever 
ip{p ® q) = for every p E P then q = 0, and whenever ■ip{p ^ q) = for every q E Q then 
p = 0. 

Notice that if {P,Q,iIj) is non-degenerate then every T E Cp{Q) has a unique adjoint. 

Lemma 3.7. Let R he a ring and {P,Q,ip) an R-system satisfying condition (FS). Then 
{P,Q,ip) is non- degenerate. 

Proof. Let ip{p^q) = for every p E P. Then by condition (FS) there exists = XliLi ^ 
J^p{Q) such that q = 6(g) = I]r=i ^</»,p»(?) = Yli=iQii^iPi ® ?) = 0. Thus {P,Q,ij) is non- 
degenerate. □ 

Observe that if R is rierht non- degenerate then i/jq : O — > R is non-degenerate. 
For general n e N we need the condition (FS). 

Lemma 3.8. Let R be a ring and (P, Q, ip) an R-system satisfying condition (FS). For every 
n eN we have that the R-system {P^'^ , Q^"' , ijjn) satisfies condition (FS). 

Proof. We will prove by induction that ipn '■ -P®" ® Q*^" — ^ R satisfies condition (FS) for 
every n e N. By hypothesis (P, Q, ip) satisfies (FS). Now suppose that (P®"-i, Q®"-i, -0„_i) 
satisfies condition (FS). Let q\0qj, . . . , qln®Qm ^ Q'^^ where q\,. ■ ■ , E Q and qf,. ■ ■ , E 
Since (P,Q,^p) satisfies condition (FS) there exists Gi = Ei=i e J^p(Q) with 
aj E Q and 6^ E P for every j = such that Oi(gj^) = q} for every i = 1, . . . , m. 

Now since (P*^""^, Q""^, '^/'n-i) satisfies condition (FS), by induction hypothesis, there exists 
e>2 = El=idc„d, e .Fp»n-i(g®"-i) with e and 4 e P®""' for every A; = 1, . . . ,t 

such that ©2('0(^j ® = ® fo^ every i — 1, . . . , m and j = 1, . . . , Z. Then define 

/ t 

j=l fc=l 

It is then straightforward to check that Q{q} ® gf) = ql (8) Q'f for every i — l,...,m =. 
Therefore (P®",Q®",Vn) satisfies condition (FS). □ 

Lemma 3.9. Let R be a ring and let {S, T, a, B) be a covariant representation of a R-system 
(P, (5, satisfying condition (FS). If a is injective, then so are T"- and S"' for every n eN. 
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Proof. Let q G Q^"' such that T^{q) = 0. Then for every p G P®" we have that = 
S^{p)T^{q) = a{ipn{p ® q)), and since a is injective, it follows that ipn{p ® g) = for every 
p G P®", and it then follows from the non- degeneracy of ipn (cf. Lemma 13.71 and 13. 8p that 
g = 0. Similarly one can check that S"" is injective. □ 

Definition 3.10. Let P be a ring and (P, Q, V") an P-system. We define the ring homomor- 
phism A : P — > EndnlQn) and the ring homomorphism F : P — ^ End/i;(j?P)°^ by 

A{r){q) = rq , r{r){p) = pr 

ioT r ^ R, p ^ P and q ^ Q. 

Notice that for every r G P we have that r(r) is the adjoint of A(r), and thus that 
A{r)eCpiQ) andVir) e CgiP). 

Proposition 3.11 (Cf. [T5t Lemma 2.2] and [20]). Let R be a ring and (P, Q, ip) an R-system 
satisfying condition (FS) and let {S, T, a, B) be a covariant representation of (P, Q, tp) . Then 
there exist a unique ring homomorphism ttt,s '■ ^p{Q) — ^ B such that 7!'T,s{(^q,p) = T{q)S{p) 
for p & P and q & Q, and a unique ring homomorphism xs,t '■ ^q{P) — B"'^ such that 
Xs,T{0p,q) = S{p) ■ T{q) for p G P and q E Q. These maps satisfy 

XsAnrm = ^(0 ■ Xs,Tm XsA^^ir)) = xsA^) " ^(0 

7rT,5(e)T(g) = T{e{q)) S{p) ■ xsA^) = ^(^(p)) 

forreR, peP,qeQ,Qe Tq{P) and 6 G Tp{Q). If ^ e Tq{P) is the adjoint of <d e 
Tp{Q), then 71t,s{Q) = Xs,t{^)- Moreover 71t,s{^p{Q)) = XsA^q{P)) = spaii{T{q)S{p) : 
q & Q, p G P}, and if a is injective, then itt,s o-nd xs,t o^^e injective too. 

Proof. Since Tp{Q) = span{^qp : p E P, g G Q}, there can at most be one ring homomor- 
phism from J-'p{Q) to B which for all p G P and q & Q sends 9q^p to T{q)S{p). 

Assume pi,p2, . . . ,p„ G P, gi, g2, • • • , gn e Q and Yl^^^i dg,,p, = 0. Then ^^ILi Qi^iPi®z) = 
for every z & Q. By condition (FS) there exists 9 = Yl^=i ^ejj] ^ ^q{P) such that 

k k 

©fe) = X] ^e,,f,{Pi) = APi ® fi)^j = Pi 

j=l i=i 

for every i = 1, . . . ,n. We then have that 



J2nq^)S{p^) = J2nQ^)S{e{p^)) = $^T(g,)5 J^^fe ® /,)e, 
i=l 1=1 i=l \i=l 

n k k / n \ 

= ® = \Y^4{Pr ® /,) S{e,) = 0, 

1=1 j=l j=l \i=l J 

since Yl^=i lii^iPi ® fj) = for every j = 1, . . . ,k. Thus there exists a linear map ht^s 
^p{Q) — ^ B which for p G P and q E Q sends Oq^p to T{q)S{p). 
Let r & R, p & P and q E Q. Then we have 

TiTA^{r)eq^p) = 7TT,s{^rq,p) = T{rq)S{p) = a{r)T{q)S{p) = a{r)7rT,s{0q,p), 
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from which it follows that 7rT,5(A(r)0) = cr{r)'KT,si^) for every O G J^p{Q). One can in a 
similar way show that 7rj'^5(9A(r)) = vr'r^5(0)o"(r) for every 6 G J-'p{Q). 
Let p E P and g, g' G Q. Then we have 

'KTA(^,,,)T{q') = T{q)S{p)T{q') = T{q)a{i^{p ® q')) = T{qi;{p ® q')) = T{9,,,{q')) 

from which it follows that 71^,5 (e)T(g') = T{Q{q')) for all 6 G J^p{Q). 
If p E P, q E Q and G J-'p{Q), then we have 

7rT,5(e)7rr,5(^,,p) = vrT,5(e)r(g)^(p) = T{eiq))S{p) = 7rT,5(^e(,),p) = tttA^O,,,) 

from which it follows that 'itt,s{^)^t,s{^') = ^t,s{^^') for all 6' G J^p{Q)- Thus ttj-^s' is a 
ring homomorphism. 

Now suppose that a : R — > B is injective and let Yld=i ^qi,Pi ^ ^p{Q) with 7r7-^5(X]r=i ^gi,pJ ' 
^r=i '^ili)^iPi) = 0- Then for every p E P and q E Q we have that 

5^r(g,)^(p,) T(g) = a [Y^^ip^qi^Pi ® g) 
i=i / \i=i 

Since a is injective it follows that X]r=i i'{p®Qi)'^{Pi^'l) = '^(p®X]r=i Qii'iPi^l)) = for every 
p E P and q E Q. By Lemma [STl ^ is non-degenerate, so it follows that lii^iPi ® = 

for every q E Q. Thus ^"^^ 6*^-^^- = which proves that Ht^s is injective. 

The existence and uniqueness of xs,t and that xs,t is a ring homomorphism and has the 
properties xs,r(r(r)n) = a{r) ■ Xs,r(^^), Xs,T(^^r(r)) = Xs,Ti^) ■ (^(r) and S{p) ■ Xs,Ti^) = 
S{Q{p)) ioY r E R, p E P and fl E J-'q{P), and that xs,t is injective if a is injective, can be 
proved in a similar way. 

If p G P and q E Q, then 9p^g is the adjoint of 9q^p and 7!'T,s{0q,p) = T{q)S{p) = S{p) - Ti^q) = 
Xs,T{Op,q)- It follows that if G J^q{P) is the adjoint of 6 G Tp{Q), then 71^,5(6) = X5^t(^)- 

Finally we see that rcT,si^piQ)) = span{T(g)S'(p) : p E P, q E Q} = Xs,t{^q{P))- D 

Notation 3.12. To avoid too heavy notation, we will often when working with a given R- 
system {P,Q,ip) satisfying condition (FS) let vr denote vr^n and let x denote Xt^,t^ for any 



n eN. We will then view tt as a map from [Jnen •^P'^^iQ'^^) '^{p,Q,^) and x as a map from 
UnGN-^Q®"(-P^") to ^p!q,V)- 

Remark 3.13. Let i? be a ring and {P,Q,ip) an i?-system satisfying condition (FS). If 
{Si,Ti,(Ti, Bi) and (5*2, T2, (T2, -B2) are two covariant representations of {P,Q,ip) and : 
Bi — > B2 is a ring homomorphism such that (f) o Ti = T2, (f) o Si = S2 and o cT]^ = cr2, then 

O 7rr^,5i = TTTa.Sa and (f) O X5i,Ti = XS2,T2- 

3.2. Cuntz-Pimsner invariant representations. As already mentioned, the aim of this 
section is to classify all injective and graded representation of an i?-system satisfying condition 
(FS). We will now for a given i?-system (P, Q, ip) satisfying condition (FS) construct a family 
of surjective, injective and graded representation of {P,Q,ip)- We will later show that up to 
isomorphism this family of surjective, injective and graded representation of (P, Q, ip) contains 
all surjective, injective and graded representation of {P,Q,ip)- 

Definition 3.14. Let P be a ring and let (P, Q, ip) be an P-system satisfying condition (FS). 
We say that a two-sided ideal J of P is ip -compatible if J C A~^(jFp((5)), and we say that a 
T/'-compatible two-sided ideal J of P is faithful if J fl ker A = {0}. 
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Definition 3.15. Let i? be a ring and let (P, Q, ip) be an i?-system satisfying condition (FS). 
For a 'j/'-compatible two-sided ideal J of R, we define T( J) to be the minimal two-sided ideal 
of ^p,Q,^) that contains {tR^x) — 7r(A(x)) | x G J}. 

Definition 3.16 (Cf. [ini Proposition 1.3] and [iHl Proposition 2.18]). Let i? be a ring, let 
(P, Q, ip) be an P-system satisfying condition (FS) and let J be a ^/'-compatible two-sided 
ideal of P. We define the Cuntz-Pimsner ring relative to the ideal J to be the quotient ring 
0(P,Q,^){J) := T^p^Q^^)/T{J). We denote by pj the quotient map pj : T(^p,q,^) — > 0(^p^q^^){J). 

Definition 3.17 (Cf. [IQ, Definition 1.1]). Let P be a ring, let {P,Q,ip) be an P-system 
satisfying condition (FS) and let J be a T/^-compatible two-sided ideal of P. A covariant 
representation {S, T, a, B) of (P, Q, ifj) is said to be Cuntz-Pimsner invariant representation 
relative to J if ■nT,s{^{.x)) = (^i^) for every x G J. 

The following theorem gives a complete characterization of 0(^p^q^^){J). 

Theorem 3.18 (Cf. [10^ Proposition 1.3]). Let R he a ring, let {P,Q,ip) he an R-system 
satisfying condition (FS) and let J he a ip-compatihle two-sided ideal of R. Let Lp, := pj o lr, 
Lq := Pj o lq and Lp := pj o Lp. Then {Lp, Lq, L'j^,0(^p^Q^^){J)) is a surjective covariant 
representation of {P,Q,iIj) which is Cuntz-Pimsner invariant representation relative to J 
with the following property: 

(CP) If {S,T,a, B) is a covariant representation of {P,Q,ip) which is Cuntz-Pimsner in- 
variant relative to J, then there exists a unique ring homomorphism 

V{S,T,a,B) ■ C'(P,Q,^)(J) — > B 
such that V(S,T,a,B) ° 4 = ^(S,T,a,B) ° = ^ ^'^^ ^(5,T,a,B) °4 = 

The representation {Lp, Lq, t^, C(p^q^^)(J)) is the, up to isomorphism in C(^p^q^^), unique sur- 
jective covariant representation of {P,Q,ip) which is Cuntz-Pimsner invariant representation 



relative to J and which possesses the property ( CP): in fact if {S, T, a, B) is a surjective co 



variant representation of {P,Q,ip) which is Cuntz-Pimsner invariant representation relative 
to J and (f) : B — > 0(^p^q^^){J) is a ring homomorphism such that (p o a = Lp^, (po S = Lp and 
(f) oT = Lq, then (j) is an isomorphism. 

We have moreover that the ring homomorphism Lp is injective if and only if J is faithful, 
and that the representation {Lp, Lq, Lp, 0(p^q^^){J)) is graded. 

We call {tp, t-Q, t-'ji,0(^p^Q^^){J)) the Cuntz-Pimsner representation of {P,Q,'ip) relative to 

J. 

Remark 3.19. If we for a ring P, an P-system {P,Q,ip) satisfying condition (FS), and a 
V'-compatible two-sided ideal J of P, let C'^pq^-j be the subcategory of C(^p^q^^) consisting of 
all surjective covariant representation of {P,Q,iIj) which are Cuntz-Pimsner invariant rep- 
resentation relative to J, then it follows from Theorem 13.181 that {Lp, Lq, Lp,0^|^pQ ^■^) is an 
initial object in C^pq^py 

To prove Theorem 13.181 we need a definition, a lemma and a proposition: 

Definition 3.20. Let P be a ring, let {P,Q,ip) be an P-system and let {S,T,a, B) be a 
surjective and graded covariant representation of {P,Q,ip). It follows from Proposition 13.21 
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and Definition 13.31 that there is a unique Z-grading ®n&B^'"^ of B such that a{R) C pW, 
T(Q) C 5(1) and S{P) C ^(-i). 

A two-sided ideal / of i? is said to be graded if ©„gz-^*-"'' is a Z-grading of I where : = 
/pl^(") fQj- gadi 77, G It is not difficult to show that in this case ®n&pi{B^'^^) is a Z-grading 
of the quotient ring B/I where pj denotes the quotient map from B to B/I and that the 
covariant representation (S'/, T/, (T/, -B//) where T/ := pi oT, Si = pj o S and ct/ = o a, is 
graded. 

For (m, n) G S let V(m,n) denote the projection of Ti^p^q,^) onto T(^m,n) given by the S-grading 
®{k,i)e$T(^k,i) (cf. Theorem OD. 

Lemma 3.21 (Cf. [181 Lemma 2.20]). Let R be a ring, let be {P, Q, ip) an R-system satisfying 
condition (FS) and let J be a ip- compatible two-sided ideal of R. For n & N let 

r^^\j) = span({4(g)(.^(x) - 7r(A(a;)))4(p) : x G J, g G p G 

k,leN with k-l = n}U {6^(g) (^^(x) - 7r(A(x))) : x G J, g G Q®"}) 

and 

T(-")(J) = span({6^(g)(.«(x) - 7r(A(x)))4(p) : x G J, g G Q®^ p G P®', 

kJeN with l-k = n} U {{lr{x) - n{A{x)))Lp{p) : x G J, p G P®'^}), 

anc? /et 

TW(J) = span(^{4(g)(6H(x) -7r(A(x)))4(p) : x G J, g G Q®^ p G P®^ A: G N} 

U {Lnix) - 7r(A(x)) : x G J}). 

r/ien we have that T^"^^{J) = T^^pq^-^ H T(J) /or eac/i m G Z, and i/iat ®m^iT''"^\J) is a 
Z-grading ofT{J). Thus T{J) is a graded two-sided ideal ofTi^pq^y 
We furthermore have that the following holds for every x G T{J): 

(1) r(o,o){x) G lr{J), 

(2) there exists an n G N such that XL^{q) = for every m > n and every q G Q®™'. 
Proof. It is clear that T^"^\j) C H T(J) for each m G Z. It is also clear that 

©-ez(7^^1^)nT(j))cT(j). 

If X G J, g G Q p E P, then we have that 

(3.1) {lr{x) - 7r(A(x)))iQ(g) = ^^(xg) - 6Q(A(x)g) = iQ(xg) - 6Q(xg) = 0, 
and that 

ip{j)){iR{x) - 7r(A(x))) = ip{j)){iR{x) - x(r(x))) 

= tp{px) — tp{T{x)p) = tp{px) — ip{px) = 0, 

from which it follows that (Bmez'^^'^KJ) is a two-sided ideal of T(^p,q,-^). Since {^^(x) — 
7r(A(x)) : X G J} C T^^\j), it follows that r(J) C ®m&zT^"'\J)- Thus we have that 

(3.2) ©„ezr(-)(j) = r(j) 

and that r(™)(J) = T^p^ n r(J) for each m G Z. 
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Let X G T{J). That ^ holds directly follows from f l3.2p . and that ([2]) holds directly follows 
from dSH) and dS^D- □ 

Proposition 3.22 (Cf. [18, Proposition 2.21]). Let R he a ring, let {P,Q,ip) be an R-system 
satisfying condition (FS) and let J he a faithful ip- compatible two-sided ideal of R. Then the 
ring homomorphism p : R — > Ti^p^q^^^/T{J) given by p{r) = i_R(r) + T(J) is injective. 

Proof. Assume that r & R and that ^/{(r) G T{J)- It follows from Lemma [3.211 that there 
exists an G N such that LR{r)LQ{q) = for every m > n and every q G Q^"^. We will 
show that we can choose n to be equal to 1. We will do that by showing that if n > 1 and 
LR{r)L^{q) = for every q G Q^"', then i^R{r)L^^{q) = for every q G Q®"'~^. So assume that 
n > 1 and LR{r)iQ{q) = for every q G Q'^"'. Let q G Q®""^, then we have that for every 

q'eQ 

Ll{rq®q') = Ln{r)Ll{q®q') = ^. 

Since is injective (cf. Lemma [3.9p . it follows that rq® q' = 0. Hence for every p G P®^~^ 
and every p' ^ P we have that 

■ip{p' ® ipn-i{p ® rq)q') = i)n{{p' ® p) ® (rq (g) q')) = 0. 

The above holds for every p' G P, so by Lemma 13.71 we have that 

ipn-iip ® rq)q' = 0. 

Since the last equation holds for every q' G Q, it follows that ipn-iip ® ^q) G ker A for every 
p G P®"-i. We have that J'p-^{p)LR{r)i''Q-^{q) G r(J), so it follows from Lemma [321] that 

iR{iPn-i{p®rq)) = V^{Ly\p)LR{r)Ll-\q)) G Lr{J). 

Thus ipn-i{p®>f(l) £ Jnker A = {0} for all p G P"~^, so by Lemma [3T[ and [3^ we have that 
rq = 0. Hence iRir)LQ~^{q) = 0. 

Thus LQ{A{r)q) = iR{r)iQ{q) = for every q E Q. From the injectivity of Lq (cf. Lemma 
13.91) it follows that r G ker A. Then by Lemma [3.21l we have that LR^r) = P(o,o) ('■i?('^)) ^ '•ij(<^)- 
Therefore r G J fl ker A = {0}, which shows that r = as desired. □ 

It follows from Lemma [3 . 2 1 1 and Proposition [3?22] that if i? is a ring, (P, Q, ip) is an P-system 
satisfying condition (FS) and J is a faithful V'-compatible two-sided ideal of P, then T(J) 
is a graded two-sided ideal of '7(p^q^^) which satisfies that lr{R) fl T( J) = {0}. We will show 
(see Remark [4?TI) that every graded two-sided ideal / of T(^p^q^^) such that lr{R) fl / = {0} is 
of this form. 

Proof of Theorem \3.18i It is clear that ('•p, '•g, '■r, C>(pq ^)) is a covariant representation of 
(P, Q, ip) which is Cuntz-Pimsner invariant representation relative to J, and that it possesses 
property (CP) follows from Theorem 11.71 and the definition of T(J) and (tp, Lq, ij^, O'^pQ ^^). 

If {S, T, a, B) is a surjective covariant representation of (P, Q, ip) which is Cuntz-Pimsner 
invariant representation relative to J and : B — > C^(p,q,?/')(^) is a ring homomorphism such 
that (p o a = ij^, (f) o S = Lp and (p o T = Lq, then i](sTaB) ° ^i^i^)) — '^('^) r E R, 

V(sTaB) °4>{S{p)) = S{p) for all p G P and V(sTaB) °4>(T{q)) = T{q) for all q E Q, and since 
B is generated by cr(P) U 5'(P) U T{Q), it follows that V(sTaB) ° is equal to the identity 
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map of B. One can in a similar way show that o rj^^j,^ is equal to the identity map of 
C^{P,Q,il)){J)- Thus and vfsTcrB) each other inverse, and is an isomorphism. 

If J is faithful, then it follows from Proposition 13.221 that is injective. If a; G J fl ker A, 
then = 0; so if J is not faithful, then ij^ is not injective. 

It follows directly from Lemma [3.211 that (ip, Lq, t^, 0(p,q,^)(J)) is graded. □ 

3.3. Injective and graded covariant representations. Let i? be a ring and {P,Q,ip) 

an i?-system which satisfies condition (FS). We will, as mentioned at previously, show that 
every surjective, injective and graded covariant representations of {P,Q,ijj) is isomorphic to 
(ip, Lq, ij^, 0(^pq jp^{J)) for some faithful ^/'-compatible two-sided ideal J of R. 

Definition 3.23. Let i? be a ring, {P,Q,iIj) an i?-system satisfying condition (FS) and let 
(5, T, (7, B) be a covariant representation of (P, Q, ip). We define 

J{S,T,.,B) := {r e R : a{r) E TTrA^piQ))}- 

Lemma 3.24 (Cf. [TT, Proposition 3.3]). Let R be a ring and let {S,T,a, B) be an injective 
covariant representation of an R-system (P, Q,iIj) that satisfies condition (FS). Then r E R 
is in J(s,T,a,B) if o^nd only if r E A~^{J^p{Q)) and cr(r) = 7rj'5(A(r)). 

Proof. It is obvious that if r G A~^(jFp(Q)) and a{r) = 7rr_5(A(r)), then r G J{s,T,a,B)- 
If G J-'p{Q) and cr(r) = nT^si^), then we have for every q E Q that 

T(rg) = a{r)T{q) = nT,s{e)T{q) = T(e(g)), 

and since T is injective (cf. Lemma [3.91 and 1 3.71) . it follows that rq = 0(g). Hence A(r) = 
0. □ 

Remark 3.25. Let P be a ring, (P, Qjip) an P-system satisfying condition (FS), let J be a 
■0-compatible two-sided ideal of P, and let [S, T, a, B) he an injective covariant representation 
of {P,Q,ip). Then it follows from Lemma [3.241 that {S,T,a, B) is Cuntz-Pimsner invariant 
with respect to J if and only if J C J(s,T,a,B)- 

Lemma 3.26. Let R be a ring, {P,Q,ip) an R-system satisfying condition (FS) and let 
{S,T,a,B) be a covariant representation of {P, Q , ijj) . Then J{s,T,a,B) is a -compatible two- 
sided ideal of R. If {S,T,a, B) is injective, then J(s,T,a,B) is faithful. 

Proof. It easily follows from Proposition 13.11! that J(s,t,<7,b) is a two-sided ideal of P and it 
is T/'-compatible by construction. If a; G J{s,T,a,B) H ker A and (5, T, a, B) is injective, then it 
follows from Lemma [3.241 that (t{x) = 7rr.5'(A(x)) = 0, and since a is injective, it follows that 
X = 0. Thus J{s,T,cT,B) is faithful if (5, T, a, B) is injective. □ 

Notation 3.27. To avoid too heavy notation, we will often when working with a given P- 
system (P, Q, ip) satisfying condition (FS) and a faithful '0-compatible two-sided ideal J of P, 
let TT"^ denote 7r(^j)n (jj)n for any n G N. We will then view vr as a map from UnGN 

Proposition 3.28. Let R be a ring, let {P^Q^ip) be an R-system satisfying condition (FS) 
and let J be a faithful ifj- compatible two-sided ideal of R. Then J = J(r^^i,-^^L-^,o^p q ^^{J))- 
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Proof. Ifx e J, then ij^^x) = 7r-^(A(x)) G 7r-^(J^p(Q)), and so x G ^(.^,.;/,.^,0(p,q,^)(J))- 

If a; G J{i-'p,i-l^,fl^,Ot^p Q ^){J))^ then it follows from Lemma [3.241 that x G A~^(jFp(Q)) and 
iji{x) = Ti-^^A^x)). So Lji{x) — 7r(A(a;)) G T{J), and we then get from Lemma [3.211 that 
/-Ri^) = 'Pio,o){'^R{x) ~ ^(^(3;))) ^ and thus that x G J. □ 

We are now ready to show that every surjective, injective and graded covariant representa- 
tion of an i?-system (P, Q, ip) satisfying condition (FS) is isomorphic to (tp, Lq, ij^, 0(p^q^^){J)) 
for some faithful ?/^-compatible two-sided ideal J of R. 

Theorem 3.29. Let R be a ring, let {P,Q,ip) be an R-system satisfying condition (FS), 
let J be a two-sided ideal of R such that J C A~^{J-'p{Q)) and JflkerA = {O}, and let 
{S,T,a, B) be a covariant representation of {P,Q,ip). Then we have: 

(1) If there exists a ring homomorphism rj : Oi^p^q^^){J) — > B such that rj o tg = T, 
rj o Lp = S and rj o tj^ = a, then the representation {S, T, a, B) is Cuntz-Pimsner 
invariant with respect to J. 

(2) If the representation {S,T,a, B) is Cuntz-Pimsner invariant with respect to J, then 
there exists a unique ring homomorphism v(sTaB) '■ ^{P,Q,'^)iJ) — ^ ^ such that 

V{s,T,cT,B) ° V(s,T,r7,B) ° i^p = S and v(s,T,a,B) ° ^R = 

(3) If the representation {S,T,a, B) is Cuntz-Pimsner invariant with respect to J, then 
there the ring homomorphism ri(s,T.a,B) is an isomorphism if and only if [S, T, a, B) is 
surjective, injective and graded and J = J(s,t,u,b)- 

For the proof of Theorem 13.291 we need some lemmas, but before we introduce them, let 
us notice that the promised classification of all surjective, injective and graded covariant 
representations of a given i?-system {P,Q,iIj) satisfying condition (FS) follows from Lemma 
[321 and Theorem [321 

Remark 3.30. Let i? be a ring and let {P,Q,iIj) be an i?-system satisfying condition (FS). 
It follows from Lemma 13.261 and Theorem 13.291 that every surjective, injective and graded 
covariant representation of (P, Q, ifj) is isomorphic to (tp, tg, tp, C(p,q,v>)(<^)) for some faithful 
^-compatible two-sided ideal J of R. And it follows from Remark 13.131 and Proposition 13.281 
that if Ji and J2 are two faithful T/^-compatible two-sided ideals of P, then there exists a ring 
homomorphism from C(p^q^^)(Ji) to C(p,q,vi)(-^2) satisfying (j) o iq = Lq, (f) o ip = tp and 
(j) o ip = ip if and only if Ji C J2. 

We will now introduce and prove the lemmas which we will use in the proof of Theorem 
[3:291 

Lemma 3.31. Let R be a ring and {P,Q,il!) an R-system. Let n G N and T G Cp(Sn[Q^"-) . 
Then there is a unique T ® 1q G Cp(sn+i{Q^"'~^^) such that (T lg)(g ® q') = T{q) ® q' for 
q G Q^" and q' G Q. 

Proof. It easily follows from the universal property of tensor products that their exists a 
unique map T ® 1q : Q®""^^ — > which for all q G Q*^" and q' E Q maps q <^ q' to 

T{q)®q' . Likewise, if S denote an adjoint of T, then there is a unique map lp®S : P®"-+^ — > 
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p®n+i fQj. all p g p»n g^j^^ p' E P maps p' p to p' S{p). We have 

® = ^(pVn(p®T(g)) = V(pVn(5(p) ® g) ® g') 

= ^n+i{{p ® S{p)) ® {q q')) 

for p' E P, p E p^n^ q' & Q and g G Q®", from which it follows that Ip (S> 5* it an adjoint of 
T ® 1q and thus that T (g) 1q e £p®n+i(Q®'^+i) (and Ip ® ^ G ^gn+i (P"+i)). □ 

The following abuse of notation will be convenient in the following. 

Notation 3.32. Let be a ring and {P^Q^ip) an i?-system. If n = 0, then we will on 
occasions let J-'p(s^{Q'^"') denote R, and we will for T G £p®n(Q'^"') use T (g) Ig to denote 
A(T). 

Lemma 3.33. Let R be a ring, {P, Q, ip) an R-system satisfying condition (FS), let {S, T, a, B) 
a covariant representation and let n G Nq. Then 

for Oi G J^p®n(Q®'^) and 62 G J^p»n+i(Q®'^+i). 

Proof. If n = 0, then the result follows directly from Proposition 13.111 Assume that n G N. 
It is enough to prove the lemma in the case where 62 = Og(^q'^p and q G Q®", q' E Q and 
p G P®"+i. In that case (9i ® lQ)Og^g' p = deiiq)(g)q',pj follows from Proposition 13.111 that 

7rrn+i,5n+i ((61 (g) lQ)Oq^q'^p) = -nT^^+\s^+A^ei{q)m',p) = ^(©il?) ® (l')Sip) 

= T(0i(g))T(g')5(p) = vrr.,5"(ei)T(g)T(g')5(p) 
= 7rT",s"(0i)7'(g(S)g')'S'(p) = 7rT",s"(0i)7rr"+i,5"+i(6'ei(<?)®g',p)- 

□ 

Lemma 3.34. Let R be a ring, let {P, Q, ip) be an R-system, let {S, T, a, B) be a surjective 
and graded covariant representation of {P,Q,ip) and let H be a two-sided ideal of B. If H 
is generated as a two-sided ideal of B by H H B^^\ then H is graded. If {P,Q,ip) satisfies 
condition (FS) and H is graded, then H is generated as a two-sided ideal of B by H H B^^\ 

Proof. For each n G Z \ {0} let 

= span( U {yxz \ y G P^'"^ xeHn B^^\ z G 

U{xz\xeHn B^^\ z G 5^")} U{yx\ye B^"'^ xEHH , 

and let 

H^°^=HnB^^\ 

Then H^'^^ C S^"-) for all n G Z, and it is not difficult to show that ®n&H^'^'^ is a graded 
two-sided ideal of B which contains H n B'^'^\ and that every two-sided of B which contains 
HnB^^') also contains ©„gz-f^^"^- So if H is generated by ifnB(°\ then it is equal to ®n€zH^'^^ 
and thus graded. 

For the last assertion assume that H is graded and that (P, Q, ip) satisfies condition (FS). 
We will show that H = ®neiH^'^\ Since H is graded it is enough to show that if n G Z and 



26 



TOKE MEIER CARLSEN AND EDUARD ORTEGA 



X e H D then x G H'^^\ If n > and x G H (1 then there exists qo, gi, q2i - ■ ■ iQk ^ 
Q®" and yi, 1/2, • • • , e such that x = r"(go)+Ej=i I* follows from Lemma[3l] 

that there exist q[, gg, • • • , G Q®" and "p'xiV^i ■ ■ ■ yP'i ^ P^"' such that Ej=i q'ji^niv'j ®<li) = Qi 
for i G {0, 1, 2, . . . , A;}. We then have that 

I I k I 

jr = l j = l i=l j = l 

k 

= T-{q,) + Y^T-{q,)y, = x, 
i=l 

and that S''{p'j)x G for every j G {1, 2, . . . , /}, from which it follows that x G H^'^\ One 
can in a similar way show that if n < and x E H Ci B^'^\ then x G if*^"'-'. Thus we have for 
all n G Z that if x G if H then x G if from which it follows that H = ©^g^if^"^- □ 

Lemma 3.35. Let R be a ring, {P,Q,ip) an R-system satisfying condition (FS) and let H 

he a two-sided ideal ofTi^p^q^^y Then we have that 

Jh ■■= {r G A~\j^p{Q)) I tR{r) - 7r(A(r)) G H} 

is a if) -compatible two-sided ideal of R and T{Jh) C H. If in addition H is graded and 
H n lr{R) = {0}, then Jh is faithful and T{Jh) = H . 

Proof. It directly follows from Proposition 13.111 that Jh is a two-sided ideal of i?, and it is ip- 
compatible by construction. It follows directly from the definition of T{Jh) that T{Jh) C H. 

Assume that H is graded and H fl lr^R) = {0}. If a; G J// fl ker A, then lr{x) = lr{x) — 
7r(A(r)) G T{Jh) ^ H and so x = proving that Jh H ker A = {0}. 

We will then prove that H C T{Jh)- It follows from Lemma [3.341 that it is enough to show 
that H n ^pQ^) ^ T{Jh)- It follows from Theorem 11.71 and Proposition 13.11 and 13.111 that 
^p°Q,^) = ®T=o'^i^P'sAQ®')) (where we let J^p0o(Q®O) = i? and vr : J^p®o(Q®0) — , Ti^p,Q,^) = 
lr), so it is enough to prove that the following inclusion holds 

(3.3) iin ||07r(.Fp«.(g®O)j ^ nJn), 

for every n G N. We will prove that (13. 3p holds by induction over n. 

First we notice that H n (7r(J^p®o(Q®°))) = ii n lr{R) = {0} C T{Jh), proving that fl^ 
holds for n = 0. 

Assume now that n G Nq and that (13. 3p holds. Let 9j G J^pmiQ®'') for z G {0, 1, . . . , n + 
1} such that Ym=o '^{^i) ^ H. We want to prove that Yl^=o '^{'^i) ^ T^{Jh)- Let pn '■ 
T{p,Q,i>) — ^ T{P^Q^^)IE denote the quotient map, and let gh ■= Ph ° lr, Th := pn ° lq 
and Sh '■= Ph o i^p- Then {Sh,Th,<Jh,'^{p,q,iI;)/H) is an injective covariant representation of 

{P,Q,ij) and pn ° = '^Th,Sh- We then have that ^^"1=0 '^T^^^^h^^^^ ^ PH(Zir=o^ ^(0*)) = 
0. Choose qj G Q^", Pj G P®", q'^ G Q, p) G P for j G {l,...,m} such that e„+i = 

E51i^g,»g^,p;(><Dp, and a/, G Q®", hh G P^" for /i G {1,...,/} such that Y^h^x^a^.hMi) = Ij 

for every j G {l,...,m}. We then have that Y!h=i{^ah,bu ® lQ)0n+i = 0»^+l• Let 6 = 
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{Ylh=i^ah,bh^ (X]r=o ®« ® 1q®"-') £ J-'p(s-n{Q®"). It follows from Lemma [3.331 that we then 
have that 

\^/i=l ^ ^i=0 ''^ / ^h=l ^ i=0 

= -T^Tg,S^ i X ^"h'bh ) '^T^+\Sl+^ (©n+l) = -'^T^+\sl+^ ( X^^^'-'"^ ® lQ)0n+l ) 

= -7r^n + l_5,n + l(6n+l), 

SO E*=o ^T|,,s],(0i) - 7rT]},s]^(0) = Eri)^ 7rr^,S],(0i) = 0, and therefore Er=o ^(©i) - ^(6) ^ 
if. Thus it follows from the induction assumption that Er=o^(®«) ^ 7r(0) G T{Jh)- There- 
fore it is enough to prove that 7r(6) + 7r(9„+i) G T{Jh)- 



Choose qj G Q®", G P®" for j G {1, . . . , m} such that 9 = ^7=1 and G Q 
p'^ G P®", G Q, p'^: e P for h e such that e„+i = ELi^^^^^.W.- ^ow 

since (P®", Q®", V'n) satisfies condition (FS) there exist G Q®" and 6^ G P®" for r G 
{1, . . . , s} such that Er=i ^a.,b.(gi) = for all j G {1, . . . , m}, and Er=i ^ar,bAlh) = I'h for 
all /i G {1, . . . , /}. There also exist q G P®" and dt G Q®" for t G {1, . . . such that 
ELi ^ct,dtiPj) = Pj for all j G {1, . . . , m}, and ELi ^ct,dtip'h) = P'h for all /i G {1, . . . , /}. 

Then we have 

S V 

r=l t=l 

SO it is enough to prove that Lp{b){n{Q) + 7r(6„+i))iQ((i) G T{Jh) for every h G P®" and 
d G Q®". Let r = O e(c/)) G P. We then have that 

0"/f(r) = SH{h)-KTH,SH{^)TH{d) = -SH{h)-KT„,SH{^n+l)TH{d) G TTTj^.ShI-^pIQ)) , 

such it follows from Lemma [3.241 that r G A^^(jFp((5)) and (ynij) = ^TH,Sif (^(^))- Hence 
r E Jh- Thus 

^p(&)(^(0)+^(0n+i))^S(rf) = .?>(6)vr(e).5(rf)+.^(6)7r(e„+i).^(rf) = .^(r)-7r(A(r)) G r(JH). 

□ 

Proof of Theorem \3. 29i ([T]): If there exists a ring homomorphism i] : 0(^p^q^^){J) — B such 
that Tjo Lq = T , Tjo ij, = S and rjo Lj^ = a, and x G J, then cr(a;) = rj^ij^^x)) = rj^n'^ {A{x))) = 
7rT,5(A(x)), which proves that the representation (S*, T, cr, P) is Cuntz-Pimsner invariant with 
respect to J. 

([2]): If the representation {S,T,a, B) is Cuntz-Pimsner invariant with respect to J, then 
the existence and uniqueness of rj'^g toB) follows from Proposition 13.181 

([3]): Assume that vfsTaB) an isomorphism. Then a = v(sTaB) ° injective, and 

is a Z-grading of B such that 

,T,a,B) 
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Hence (S*, T, a, B) is injective, surjective and graded. If x G J, then we have that 

and thus X G J{s,T,a,B)- Ifa; G Ji^QTr>P) - then it follows from Lemma l3.24l that x G A~^(jFp(Q)) 
and 

v(s,T,a,B){^i{^)) = = 7rT,5(A(x)) = r](s^T,.,B){T^\Hx))). 
and since vfsTa-B) injective, it follows that Lj^{x) = 7T'^{A{x)). It follows that — 
7r(A(a;)) G T(J), and we then get from Lemma rj.21l that lr{x) = V{qx)){.'^r{.^) ~ ^(A(a;))) G 
lb.{.J)i and thus that x G J. Hence J = J(s,t,u,b)- 

Assume then that {S,T,a,B) is surjective, injective and graded and that J = J{s,T,a,B)- 
Then V(sTaB) surjective. Let ri(^s,T,a,B) '■ '^{p,Q,i>) — ^ B be as in Theorem IL7I Then 
V(s,T,a,B) = V{s,T,a,B) ° PJ^ §0 V{s,T,a,B) '^^ injective if kei r]^s,T,a,B) = kerpj = T{J). Let 
H = ker ri(^s,T,a,B)- Then if is a graded two-sided ideal of T(^pQ jp) and H fl Lji{R) = {0}, 
so it follows from Lemma 13.351 that T{Jh) = H. It easily follows from Lemma 13.241 that 
J = J{s,T,a,B) = Jh, so we have that ker ri(^s,T,a,B) = H = T{Jh) = T{J) as desired. □ 

4. The Graded Uniqueness Theorem 

We will in this section look at some consequences of the classification of the surjective, 
injective and graded representations of an i?-system {P,Q,ip) satisfying condition (FS). We 
begin by noticing that we get a description of all graded two-sided ideal H of 7(p q satisfying 
tij(-R) n H = {0}, and then that the Fock space representation of {P,Q,ip) is isomorphic 
to the Toeplitz representation if R is right non-degenerate and (P, Q, ip) satisfies condition 
(FS). Finally we will characterize the faithful ^/'-compatible two-sided ideals J oi R for which 
C^{p,Q,i>){J) satisfies the Graded Uniqueness Theorem, cf. |22l Theorem 4.8]. 

Remark 4.1. Let i? be a right non-degenerate ring and let {P,Q,ip) be an i?-system satis- 
fying condition (FS). It easily follows from Lemma [3.241 that if if is a graded two-sided of 
T/pQ w,) satisfying lr^R) H H = {0}, then Jh = J, Jr -'h -'h n n w Thus it follows from 

Proposition 13.281 and Lemma 13.351 that 

ii I — > Jh J I — > T{J) 

is an order preserving bijective correspondence between the set of graded two-sided ideal H 
of T^p^Q^^) satisfying lr{R) H H = {0}, and the set of faithful ^/'-compatible two-sided ideals 
J of i?. ' 

We will later (cf. Corollarv 17.281) classify all graded two-sided ideals of 7(pq ,^). 

We will now show that the Fock space representation of an i?-system (P, Q, ip) is isomorphic 
to the Toeplitz representation if R is right non-degenerate and (P, Q, ip) satisfies condition 
(FS). 

Proposition 4.2. Let R be a right non-degenerate ring and let {P,Q,ip) he an R-system sat- 
isfying condition (FS). Then the Fock space representation {Sjr,Tjr,ajr,J^(^pQ^^-^) of{P,Q,4') 
is isomorphic to the Toeplitz representation {lp, Lq, Lr,T(^p^q^^^) . 
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Proof. To ease the notation let T = Tjr, S = Sjf, a = ojr and i? = !F[p^q^^). It follows from 
Theorem 11.71 that there exists a unique ring homomorphism rj(^s,T,a,B) '■ T^(p,Q,tp) — ^ B such 
that 'nis,T,a,B) ° i'R = Vis,T,a,B) ° i-Q = T and r]is,T,a,B) o Lp = S. 

For each m G Nq let 6^, denote the inclusion of Q®™ into F{Q). It is easy to check that if 

X E ^l^Q,^) where n > -m, then Vis,T,a,B){^)^rn{Q^"') ^ Q®"+". It follows that {S,T,a,B) 
is graded. It follows from the right non-degeneracy of R that the covariant representation 
{S, T, a, B) is injective. 

Let q E Q and p E P. Then TiT,siGq,p) = T{q)S{p) acts as the zero map on lq{R). Thus 
it follows that if 9 G J-'p{Q), then 7rT,s(0) acts as the zero map on lo{R). If r E R, then 
it follows from the right non- degeneracy of R that if a{r) = (j)oo{f) acts as the zero map on 
to{R), then r = 0. Thus J(s,T,a,o) = 0, and it follows from Theorem 13.291 that t](^s,T,cT,B) is an 
isomorphism from T(^p^q^^) to J^{p^Q^-,p). □ 

Remark 4.3. Let i? be a ring and {P,Q,ip) an i?-system. It is clear that it is a necessary 
condition for the the Fock space representation of {P,Q,iIj) to be isomorphic to the Toeplitz 
representation is that R is right non-degenerate. The following example shows that it is not in 
general sufficient. This is in contrast to the C*-algebraic case where the Fock representation 
is always isomorphic to the universal Toeplitz representation, cf. Proposition 6.5] 

Example 4.4. Let R = Q = P = Z, let R act on the left and the right on Q and P by 
multiplication, and let ip : P ® Q — > R be the zero map. Then i? is a non-degenerate ring, 
and (P, Q, ip) is an i?-system. It is easy to check that Sjr is the zero map. 

Let B = Q)nez'^, and for each n G Z let e„ be the element of B given by enijn) is 1 if 
and only if n = m and otherwise. We turn B into a ring by using the usual addition and 
defining a multiplication by 




if nm > 0, 
if nm < 0. 



We define maps a : R — > B by cr(r) = reo, 5* : P — > B by S{p) = pe_i and T : Q — > B 
by T{q) = qei. It is easy to check that {S,T,a,B) is a covariant representation of {P,Q,ip). 
Since S* 7^ 0, it follows that 7^ (in fact, it is not difficult to show that {S,T,a, B) is 
isomorphic to the Toeplitz representation of {P,Q,iIj)). Thus, the Fock space representation 
cannot be isomorphic to the Toeplitz representation in this example. 

We now define what it means for a relative Cuntz-Pimsner ring of an i?-system to satisfy 
the Graded Uniqueness Theorem, and then characterize when it does that. 

Definition 4.5 (cf. [22| Theorem 4.8]). Let i? be a ring, {P,Q,iIj) an i?-system satisfying 
condition (FS) and let J be a faithful ?/;-compatible two-sided ideal of R. We say that the 
relative Cuntz-Pimsner ring 0(^p^q^^){J) satisfies the Graded Uniqueness Theorem if and only 
if the following holds: 

If 5 is a Z-graded ring and rj : 0(^p^q^^j{J) — > B is a graded ring homomorphism such 
that ?7 o 6^ is injective, then 77 is injective. 

Definition 4.6. Let -R be a ring, and let (P, Q, ip) be an P-system satisfying condition (FS). 
A faithful ?/;-compatible two-sided ideal J of P is called maximal ii J = J' for any faithful 
'(/'-compatible two-sided ideal J' of P satisfying J C J' . 
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Theorem 4.7. Let R be a ring and let (P, Qjip) be an R-system satisfying condition (FS). Let 
^{PQ^^) subcategory ofC^p^q^^) consisting of all surjective, injective and graded covariant 

representation of {P,Q,ip) . Let J be a two-sided ideal of R such that J C A^^{J-'p{Q)) and 
J n ker A = 0. Then the following three statements are equivalent: 

(1) The Cuntz-Pimsner ring 0(^p^q^^^{J) of {P,Q,iIj) relative to J satisfies the Graded 
Uniqueness Theorem. 

(2) The Cuntz-Pimsner representation (ip, Lq, t^, C(p,q,^)(^)) of (P, Q, ip) relative to J is 
minimal in C^^^q^^^ in the sense that if {S, T, a, B) is a surjective, injective and graded 
representation of {P,Q,ip) and rj : 0(p^q^^)(J) — > B is a homomorphism such that 
rj o Lq = T , Tj o tj^ = S and rj o tj^ = a, then rj is an isomorphism. 

(3) J is maximal. 

Proof. If P is a Z-graded ring and rj : 0(^p^q^^){J) — > P is a graded ring homomorphism such 
that rj o ij^ is injective, and we let T = rj o Lq, S = rj o ij:, and a = ?7 o z,^, then {S, T, a, B) is 
a surjective, injective and graded representation of {P,Q,ip). The equivalence of ([1]) and ([2]) 
easily follows from this. 

The equivalence of ([2]) and ([3]) follows from Remark 13.301 □ 

Definition 4.8. Let P be a ring, and let (P, Q, ip) be an P-system satisfying condition (FS). 
A faithful '^/'-compatible two-sided ideal J of P is called uniquely maximal if J' C J for any 
^/'-compatible two-sided ideal J' of P. 

Remark 4.9. Let P be a ring, and let (P, Q, i/j) he an P-system satisfying condition (FS). It 
is clear that if J is a uniquely maximal faithful ^/'-compatible two-sided of P, then it is the only 
maximal faithful ^/'-compatible two-sided of P. The standard argument using Zorn's Lemma 
shows that every faithful ^/'-compatible two-sided ideal of P is contained in a maximal faithful 
^/'-compatible two-sided ideal of P. Thus if there only is one maximal faithful ^/'-compatible 
two-sided of P, then this ideal is automatically uniquely maximal. 

Remark 4.10. Let P be a ring and let {P,Q,ijj) be an P-system satisfying condition (FS). 
It follows from Remark 13.301 that if J is a faithful ■^/'-compatible two-sided ideal of P, then 
(tp, tg, tp, 0(P,Q,^)( J)) is a final object of C^(^'q^^ if and only if J is uniquely maximal. If 
such a J exists, then it would be natural to define the Cuntz-Pimsner ring of the P-system 
{P,Q,ip) to be C(p,Q,^)(J) (and we will do that in Definition 15. ip . however, as the following 
example shows, such a J does not in general exist (in contrast to the C*-algebraic case where 
one always can use the analog of the ideal (ker A)-*- fl A~^(jFp(Q)) cf. [T3j). 

Example 4.11. Let P = ZxRxZbea ring with multiplication defined by 

(x, y, z) ■ (x', y' , z') := (xx', xy' + yx', xz! -|- zx') . 

Notice that P is a unital ring with unit (1, 0, 0). 

Let (5 : P — *• P be a map defined as (5(x, y, z) = {x,y — z, 0). We claim that 5 is a ring 
homomorphism. Indeed, let {x,y,z), {x',y',z') G P. Then we have 

5(x, y, z)5{x', y', z') = {x,y - z, 0)(x', y' - z', 0) = (xx', x{y' - z') + x'{y - z),Q) 

= {xx' , xy' -\- yx' — {xz' -\- zx'), 0) = 6{xx', xy' -\- y'x, xz' -\- zx') 

= S{{x,y,z){x',y',z')). 
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Let P = Q = {{x,y,0) : X E Z,y ^ M} C and endow P = Q with the following 
i?-bimodule structure: Given p E P, q E Q and r G -R let 

p ■ r = p5{r) r ■ p = 6{r)p 

q ■ r = q5{r) r ■ q = 5{r)q. 

Finally lei ip : P ®r Q — > R be defined hy ip{p ® q) = pq. We will now check that the 
i?-system {P,Q,ip) satisfies property (FS). Indeed, ii q E Q then 

(l,0,0)-^((l,0,0)®g) = (l,0,0)-g = g, 

and if p G P then 

V^(p®(l,0,0))-(l,0,0)=p-(l,0,0)=p. 

It easy to check that 

/\'^{Tp{Q)=R and ker A = {(0, 2, : z G Z} . 

Now we define 

:= {(0,?/,0) : ?/ G M} and J2 := {(0, 0, 2) : 2 G Z} . 

Now we will prove that both Ji and J2 are maximal faithful ■j/'-compatible two-sided ideals 
of R. Let J be a faithful ^-compatible two-sided ideals of R such that Ji C J and assume that 
there exists 7^ (x, z) G J \ Ji. Then (x, 0, z) E J, with either x or z are nonzero. If x = 0, 
then z ^ and then (0, z,z) E J n ker A, but if x 7^ then (0, 0, l)(x, 0, z) = (0, 0, x) G J 
and hence 7^ (0,x,x) G J fl ker A, a contradiction. Thus Ji is maximal. We can do the 
same to prove that J2 is also maximal. 

Notice that Ji and J2 are clearly non-isomorphic, however we can not deduce from this 
that their associated relative Cuntz-Pimsner rings are non-isomorphic. 

5. CUNTZ-PlMSNER RINGS 

Let i? be a ring, let {P,Q,ip) be an i?-system satisfying condition (FS), and let J be a 
uniquely maximal faithful ^/'-compatible two-sided ideal of R. In view of Remark 14.101 it is 
natural to define 0(^p^q^^){J) to be the Cuntz-Pimsner ring of (P, Q, ip). We will do that now. 

Definition 5.1. Let P be a ring and let (P, Q, ip) be an P-system satisfying condition (FS). 
If there exists a uniquely maximal faithful z/^-compatible two-sided ideal J of P, then we 
define the Cuntz-Pimsner ring of {P,Q,ip) to be the ring 

0{p,Q,^) := 0(p^Q^^){J) 

and we let 

f,CP ,CP ,CP /-o \ 

denote the covariant representation {ip, Lq, Lp(^,0(^p^Q^^){J)) and call it the Cuntz-Pimsner 
representation of {P,Q,ip). We let Pr := t'p^ir) for r E R, Up := i.p^{p) for p G P and 
Xq := iQ^iq) for q E Q. 
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It follows from Remark [4.101 that C(p,q,^), if it exists, is the (up to isomorphism) unique 
final object of Cjpg^^y It can also be described as the smallest quotient of Ti^p^q^^) which 
preserves the Z-grading of T(^p,q^^) and which leaves the embedded copy of R intact. 

It follows from Example 14.111 that it is not always the case that there exists a uniquely 
maximal faithful T/'-compatible two-sided ideal of R. We will now describe a condition which 
will guarantee the existence of such an ideal. This condition is satisfied by many interesting 
examples, see Example 15.51 - 15.81 

If J is a two-sided ideal of a ring i?, then we let denote the two-sided ideal {x G -R : 
G J : = = 0}. The following lemma is then obvious. 

Lemma 5.2. Let R be a ring and let {P, Q, ip) he an R-system which satisfies condition (FS). 
If {/\-^{Tp{Q)) n (ker A)^) nker A = {0}, then J =: /\-^{Tp{Q)) n (ker A)^ is a uniquely 
maximal faithful ip- compatible two-sided ideal of R. Thus the Cuntz-Pimsner ring of [P, Q, tp) 
is defined in this case. 

A ring R is said to be semiprime if whenever / is a two-sided ideal of R such that P = {0}, 
then / = {0}. A two-sided ideal / is said to be semiprime if whenever there exists a two-sided 
ideal J with C /, then J ^ L Equivalently / is a semiprime ideal if and only if i?// is a 
semiprime ring. Observe that in particular every C*-algebra A is semiprime and every closed 
ideal / of A is also semiprime (since it is a C*-algebra itself). 

Lemma 5.3. Let R be a ring which is semiprime, and let (P, Q, ip) be an R-system which 
satisfies condition (FS). Then (ker A)-*- flker A = {0}. 

Proof. It is clear that (ker A)^nker A is a two-sided ideal of R satisfying ((ker A)^nker A)^ = 
{0}. Thus (ker A)^ n ker A = {0}. □ 

Thus when R is semiprime, then A^^(jFp((5)) fl (ker A)^ is a uniquely maximal faithful 
■j/'-compatible two-sided ideal of R for every i?-system (P, Q, ip) and the Cuntz-Pimsner ring 
0{p,Q,^) is defined. 

Before we look at some examples where the Cuntz-Pimsner ring is defined, we notice that 
it directly follows from Theorem 14. 71 that if the Cuntz-Pimsner ring of an P-system is defined, 
then it satisfies the Graded Uniqueness Theorem. 

Corollary 5.4 (The Graded Uniqueness Theorem). Let R be a ring and let {P,Q,ip) be an 
R-system which satisfies condition (FS), and assume that there exists a uniquely maximal 
faithful ip- compatible two-sided ideal of R. If A is a Z-graded ring and rj : 0(p,q,^) — > A is 
a graded ring homomorphism with ri{pr) 7^ for every r G P \ {0}, then t] is injective. 

Example 5.5. Let us return to the Example 11.91 We saw that if P is a ring, ip G Aut(P), 
P = P^, Q = P^-i and 

^:P®rQ — >R 

p®q I ^PV5(g), 

then {P,Q,ip) is a P-system. 

Assume that P has local units. If qi, q2, ■ ■ ■ ,qn ^ Q and Pi,P2, ■ ■ ■ ,Pm £ P then there 
exists an idempotent e G P such that eqi = for alH G {1,2, ... ,n} and pjc = pj for all 
j G {1,2,..., m} (we are here viewing the g^'s and the p/s as elements of P and using the 
multiplication of P). We then have that 6'e,^(e)(gj) = eip~^{ip{e)ip{qi)) = eeqi = qi for all 
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i G {1,2, ... ,n} and 6'e_^-i(e)(pj) = pjip{ip~^{e))e = pjee = pj for all j E {1,2, .. . ,m}. Thus 
{P,Q,ip) satisfies condition (FS). Observe that we in this case have that A^^{!Fp{Q)) = R 
because A(r) = 6u,^(r) for every r E R and u E R with ur = ru = r. Notice also that 
A is injective, so i? is a uniquely maximal faithful T/^-compatible two-sided ideal. Thus the 
Cuntz-Pimsner ring of the i?-system {P,Q,ip) exists and is equal to 0(^p^q^^){R). 

We saw in Example 11.91 that if {S,T,a, B) is a covariant representation of {P,Q,ip) and 
we for every r E R and n E Nq let (r, n) = S"'{r), [r,—n\ = T"'{r) and [r, 0] = cr{r), then 
[ri, k] + [r2, k] = [ri + r2, k] for ri, r2 E R and A; G Z and [ri, /ci][r2, A;2] = ['"iV^''^('"2), ki + /C2] 
for ri,r2 E R and /ci,/i;2 G Z if /ci and k2 both are non-positive, or both are non-negative, 
or if ki is non-negative and ^2 is non-positive. If in addition {S, T, a, B) is Cuntz-Pimsner 
invariant relative to i?, then we have for ri, r2, mi, U2 E R where r2Mi = r2 and U2ri = ri, and 
ni, 71,2 G No that 

[ri,-ni][r2,ni] =T"^(ri)5"Hr2) =7rs«i,T"i(^n,r-J 
= a(riv?-"H^2)) = [riV^""n^2),0], 
[ri,-ni][r2,ni -Fn2] = [ri, -ni][r2, ^i] [(^""^(mi), ^2] 
= [riy.-"n^2),0][(p-"H«i),n2] 
= [ri</^-"n^2)</^^"n«i),H = [n¥^-"H^2),n2], 
[ri, -rii - n2][r2,ni] = K, -".2]b"'(n), -'^i]['"2, '^i] 

= Kri(^-"^-"^(r2),-n2] = [ri</^-"^-"Hr2), -^2]. 

Thus [ri, /ci][r2, /C2] = ViV^^{r2)-, h + k2] for ri, r2 E R and /ci, ^2 ^ Z. 

If on the other hand we have a ring B which contains a set of elements { [r, fc] : r E R, k E 1^} 
satisfying [ri, k] + [r2, k] = [ri -|- r2, k] and [ri, fci][r'2, ^2] = [?"iV''^H^2)5 ^1 + ^2], and we define 
a:R — ^ 5 by (r{r) = [r,0], S : P — >Bhj S{p) = [j9, 1], and T : Q — >B by T(g) = [q, -1], 
then {S,T,a, B) is a covariant representation of {P,Q,ip) which is Cuntz-Pimsner invariant 
relative to R. 

Thus 0(^p^Q^^) is the universal ring generated by elements {[r,k] : r E R, A; G Z} satisfying 
[ri,k] + [r2,k] = [ri + r2,k] and [ri, fci] [ra, ^2] = [ri<^''^{r2), ki + k2]] i.e., 0(^p^q^^) is isomorphic 
to the crossed product Rx^lj. 

We will return to this example in Example I7.3UI 

Example 5.6. Let be a ring and let a : i? — > Rhe a, ring homomorphism. Let P : = 

span{ria(r2) | ri, r2 G R} be the i?- module with left action defined hy r ■ p = rp and right 
action defined by p ■ r = pa{r) ioi r E R and p E P, and let Q := span{a(ri)r2 | ri, r2 G -R} 
be the i?-module with left action defined by r ■ g = a{r)q and right action defined hj q-r = qr 
for r E R and q E Q. Finally let : P ^ Q — > R be the bimodule homomorphism defined 
by ijj{p ^ q) = pq. Then (P, Q, ip) is an i?-system. 

If (5, T, cr, 5) is a covariant representation of (P, Q, ■?/'), then S'(p)cr(r) = S{pa{r)), a{r)S{p) = 
S{rp), T{q)a{r) = T{qr), a{r)T{q) = T(a(r)g) and S{p)T{q) = a{j>q) for p E P, q E Q and 
r E R where we view p and q as elements of R and use the multiplication of R. 

It is not difficult to show that if R has local units, then {P,Q,ip) satisfies condition (FS), 
A^^(jFp(Q)) = R and that ker A = {0}. Thus the Cuntz-Pimsner ring of {P,Q,ip) is defined 
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in this case and is equal to 0(^p^q^^){R). If in addition a is injective and Oi{ri)r2(y.{r^) G a{R) 
for all ri, r2, G -R, then a covariant representation (5, T, a, -B) of (P, Q, ■?/') is Cuntz-Pimsner 
invariant relative to R if and only if T{q)S{p) = cr{<y~^{qp)) for all p G P and q & Q. 

It is not difficult to see that if a is an automorphism and R has local units, then 0(^p^q^^^ 
is isomorphic to the crossed product P Z, cf. Example 15.51 

Example 5.7. Given a unital ring P and a ring isomorphism a : R — > ePe where e is 
an idempotent of P. Ara, Gonzalez-Barroso, Goodearl and Pardo have in [6j defined the 
fractional skew monoid ring of the system (P, a) to be the universal unital ring P[t+,t_;a] 
generated by elements t+, t_ and {0(r) | r G P} satisfying that : P — > P[t+,t_;a] is a 
unital ring homomorphism and that the relations 

= 1 , = 0(e) , rt_ = t_a(r) and t+r = a(r)t4. 

hold for all r G P. This construction is an exact algebraic analog of the construction of the 
crossed product of a C*-algebra by an endomorphism introduced by Paschke p^. In fact, 
if y4 is a C*-algebra and the corner isomorphism a is a *-homomorphism, then Paschke's 
C*-crossed product, which he denotes A ix^ N, is just the completion of A[t+,t^; a] in a 
suitable norm. The Cuntz-Krieger rings, crossed products by automorphisms and Leavitt 
path algebras of finite graphs without sinks are examples of fractional skew monoid rings 
among many others (see [6j). As an important advance in the study of this class of rings, in 
[HI Theorem 5.3] conditions for R[t^,t_; a] being a simple and purely infinite ring are given, 
and in |3] the Ki of fractional skew monoid rings is computed. 

We will now show that the fractional skew monoid ring R[t_^.,t_; a] is isomorphic, as a 
Z-graded ring, to 0(p,q,^) where {P,Q,ip) is the P-system considered in Example 15. 6[ First 
we notice that if ri,r2,rs G P, then a{ri)r2a{rs) G eReReRe C ePe = a(P). Define 
S : P — > P[t+,t_;a] and T : Q — > R[t+,t-;a] by S{p) = 4>{p)t+ and T(g) = t^(f){q). 
It is then easy to check that (S*, T, 0, P[)f:+, t_; a]) is a surjective covariant representation of 
{P,Q,ip) which is Cuntz-Pimsner invariant relative to P, cf. Example 15.61 Thus it follows 
from Theorem 13. 181 that there exists a ring homomorphism t] : Oi^p^q .^-) — ^ P[t+,t_; a] such 
that rj{pr) = (p{r), ri{yp) = 4>{p)t+ and ri{xg) = t^(f){q) for r G P, p G P and q E Q. It follows 
from [HI Proposition 1.6 and Corollary 1.11] that i] is graded and that ri{pj) 7^ for r 7^ 0, so 
rj is injective and thus an isomorphism according to Corollary 15.41 

Example 5.8. Let us return to the Example 11.101 Given q = (Xlee-Bi -^ele) G Q we let 

Supp(^Aele):={eGE^:Ae^O}. 

Notice that |Supp(g)| < 00. Given gi, . . . , g„ G Q we have that the homomorphism 

eGSupp{i3i)U---USupp((j„) 

satisfies Q{qi) = qi for every i G {1,2, ... ,n}. Similarly, we have that there for pi,p2, . . . ,Pn £ 
P exists a homomorphism A G Tq{P) such that A(pj) = pi for every i G {1, 2, . . . , n}. Thus 
the P-system {P,Q,ip) satisfies the condition (FS). 
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Now it is easy to see that 

A-\j^p{Q)) = span^{l^ : \s-\v)\ < 00} , 
kerA = span^jlt, : |s""'^(t>)| = 0}. 

It follows that (ker A)^ = span^{l^ : \s'^{v)\ > 0}, and thus that {A-^{Tp{Q))n{kev A)^)n 
kerA = {0}. Hence the Cuntz-Pimsner ring of {P,Q,ip) is defined in this case and is equal 
to 0(p,Q,^)(A-i(^p(Q)) n (ker A)^). 

We saw in Example 11.101 that if {S, T, a, B) be a covariant representation of (P, Q, ip) 
and we let py := cr(l^) for v G E^, and Xe = T{le) and i/e = S{le) for e G E^, then 
Tl{S, T, a) becomes a F-algebra when we equip it with an F-multiplication of F defined by 
Acr(r) = a(Ar), \S{p) = S{Xp) and AT(g) = T(Ag) for \ e F, r e R, p e P and q e Q. Then 
{Pv}veEO is a family of pairwise orthogonal idempotents such that we for all e, f E E^ have that 

Ps(e)Xe = Xe = XePr{e), Pr{e)ye = He = VePsie), and l/eXf = SejPr{e)- If in addition {S,T,a,B) is 

Cuntz-Pimsner invariant relative to A~^(jFp((5)) fl (ker A)-*- = span^jl^ : < < 00}, 

then we have for v E E^ with < < 00 that 

On the other hand, let B be an F-algebra which contains a family {pv}v&EO of pairwise 
orthogonal idempotents and families {xe}e&E^ and {ye\e(^E^ satisfying Ps{e)Xe = x^ = XePr(e), 
Pr(e)ye = He = VePsie), and i/eXf = (5e,/Pr(e) for all 6, / G Then for r = Y^veEO ^vlv e R 
let cr(r) := Y^^^eo^vPv, for P = Y^ei^E^ e P let S{p) := Y^eeE^PeVe, and for g = 
J2eeE^ Agle G Q let T(g) := ^gg^;! O'e^^e, we have that {S, T, a, B) is a covariant representation 
of {P,Q,ijj) which is Cuntz-Pimsner invariant relative to A^^{J-'p{Q)) fl (kerA)-*-. 

Thus 0(p^Q^^) is the universal F-algebra generated by a set {p„ : v G of pairwise 
orthogonal idempotents, together with a set {xe, ye '■ e E E^} of elements satisfying 

(1) Ps{e)Xe = Xe= XePr{e) for 6 G -E^ 

(2) p^(e)?/e = ye = VePsie) for 6 G E\ 

(3) VeXf = 5ejPr{e) for 6, / G 

(4) Pt; = Eees-i^ ^e2/e for V G E'^ with < < oo. 

I.e., C(p,Q,^) is isomorphic to the Leavitt path Lp{E) algebra associated with E, cf. [T|.p].[3].[5]fc[22l 
Thus we recover from Corollary 15.41 the Graded Uniqueness Theorem [22l Theorem 4.8] for 
Leavitt path algebras. 

We will return to this example in Example 17.311 

6. The Algebraic Gauge-invariant Theorem 

We saw in Example 15.51 that our Graded Uniqueness Theorem (Corollary 15.41) is a general- 
ization of the Graded Uniqueness Theorem for Leavitt path algebras ( [22l Theorem 4.8]). We 
will now generalize the Algebraic Gauge-Invariant Uniqueness Theorem for row finite graphs 
([H Theorem 1.8]) to Cuntz-Pimsner rings and thereby to all directed graphs. 

Proposition 6.1 (Cf. [TOl Proposition 1.3] and [201 Remark 1.2(2)]). Let R be an (associa- 
tive) F-algebra where F is afield, and let {P^Q^ip) he an R-system satisfying condition (FS) 
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and let J be a ip -compatible two-sided ideal of R. Then there exists for every t & F* (F* 
denotes the multiplication group of F) a unique automorphism r/ on 0(^p^q^^){J) satisfying 
^tii^Ur)) = t-iir), T^{L-p{p)) = tLj,{p) and {t'l^iq)) = t-^L'l^{q) for r E R, p E P and q e Q. 
The action 

-.F* ^ AutF{0(^p^Q,^p)) 
t ^rt 

is called the gauge action of F on 0(p,q,^)(J). 

Proof. Since Oi^p^q^^){J) is generated by {^^(r) : r E R} U {Lp{p) ■ p E P} U {tqlq) : q E Q}, 
it follows that a ring homomorphism defined on C(p,q,^)(J) is uniquely determined by its 
values on {ij^ir) : r E R} U {ip{p) : p E P}U {igiq) : q E Q}. 

Let t E F*. For r E R, p E P and g G Q let a{r) = Lj^{r), S{p) = tLj,{p) and T(g) = 
t~^LQ{q). Then {S, T, a, 0(^p^q^^){J)) is a covariant representation of (P, Q, ip) which is Cuntz- 
Pimsner invariant relative to J. Thus there exists a homomorphism r/ : 0(^p^q^^){J) — > 
C(p,Q,^)(^) such that {ii{r)) = ij^{r), n^{iUp)) = tiUp) and r/(t^(g)) = ^-^^(g) for 
r E R, p E P and q E Q. 

If ti,t2 E F* andr E R,pE P andq E Q, then T/^oT/^{Li{r)) = T/^t^iiUr)) , r/^oTf^{4{p)) = 
^i^t2(4(p)). and tI o r^'^(t^(g)) = n{^^{LQ{q)), so o t/^ = t^^^. We have in particular that 
r/ o TjL^ = Idof^pQ so r/ is an automorphism. □ 

Theorem 6.2. Let F be an infinite field, R an (associative) F-algebra, and let {P,Q,iIj) be 
an R-system satisfying condition (FS). Assume that J is a maximal faithful ip- compatible 
two-sided ideal of R, and let A be an F-algebra. Suppose that 

: 0^p^Q^^){J) — > A 

is a F-algebra homomorphism such that (pi^ipir)) ^ for every r E R \ {0}. // there exists 
a group action a : F* — > Autp{A) such that o r/ = cr^ o for every t E F* , then is 
injective. 

Proof. By Theorem 14.71 it is enough to check that ©„gz0(pj('7^pQ ^)) is a grading of B. We 
will do that by showing that ker0 is a graded ideal. Assume that 0(-2„i + ■ ■ ■ + Zn^) = 0, 
ni, . . . ,nr E Hi ^ Hj for i ^ j and E pj{T^pQ for every i = 1, . . . ,r. We then have 
for t E F* that 

= at{(f){zn, + ■■■ + z„J) = 0(r/(2;„, + ■ ■ ■ + 2;„J) = 0(t"^z„, + ■ ■ ■ + t""^ Zn,.) • 

On the other hand we have that = t"'0(2;„^ + ■ ■ ■ + z„J = (t){f'''Zn^ H h f^^'Zn^). It follows 

that 

= 0((r'- - ri)^„^ + . . . + (t"'- - r'-i)^„,_ J , 

and since F is an infinite field we have that t"'' — t"' 7^ for every i = l,...,r — 1. Repeating 
this process r — 1 times we get that 0(-2nJ = as desired. Repeating the same argument we 
get that 0(-2„J = for every i = 1, . . . ,r. This shows that ker0 is a graded ideal and thus 
that ®n&4>{pj{'T'^pj^^^)) is a grading of B. □ 

If F is a field, R is an F-algebra, (P, Q,ip) is an P-system satisfying condition (FS), and 
J is a uniquely maximal faithful ^/'-compatible two-sided ideal of P, then we denote by t'^^ 
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the gauge action r-^ of 0(^p^q^^) = 0(^p^q^^){J). We then get as a corollary to the previous 
theorem the following Gauge-Invariant Uniqueness Theorem for Cuntz-Pimsner rings. 

Corollary 6.3 (The Gauge-Invariant Uniqueness Theorem for Cuntz-Pimsner Rings, cf. [TOl 
Theorem 4.1]). Let F he an infinite field, R an (associative) F-algebra and let {P,Q,il)) be 
an R-system satisfying condition (FS). Assume that there exists a uniquely maximal faithful 
ip -compatible two-sided ideal of R. Let A be an F-algebra. Suppose that 

<P ■ Of^p^Q^^) — ^ A 

is an F-algebra homomorphism such that 4>{pr) 7^ for every r G i? \ {0}. // there exists 
a group action a : F* — > AutpiA) such that o t^^ = cr^ o for every t & F* , then is 
injective. 

When we specialize to directed graphs, we get a generalization of the Algebraic Gauge- 
Invariant Uniqueness Theorem [3, Theorem 1.8.] from row finite graphs to all directed graphs. 

Corollary 6.4. Let E be a directed graph, let F be an infinite field and let A be an F-algebra. 
Suppose that 

: Lf{E) — > A 

is a F-algebra homomorphism such that (j){pv) 7^ for every v & E^. If there exists a group 
action a : F* — > AutplA) such that (p o rf = at o (p for every t ^ F* , then is injective. 

Proof. Follows from Example 15.81 and Corollary 16.31 □ 

7. Graded covariant representations 

In Section [3] we classified all surjective, injective and graded covariant representations of 
an i?-system satisfying condition (FS). We will in this section extend this classification to 
all surjective and graded covariant representations. As a corollary we get a description of all 
graded two-sided ideals of a relative Cuntz-Pimsner algebra (and therefore of the Toeplitz 
ring and the Cuntz-Pimsner ring whenever it is defined) of an i?-system satisfying condition 
(FS). 

We will proceed as in Section [3] and first describe a family of surjective and graded covariant 
representations of a given i?-system which satisfies condition (FS), and then show that this 
family contains up to isomorphism all surjective and graded covariant representations. This 
approach is inspired by the work of Katsura in [H] (notice however that our definition of a 
T-pair (see Definition 17. 5p is different from Katsura's definition). 

At the end of the section we will see how our description of the graded two-sided ideals of a 
Cuntz-Pimsner ring agrees with Tomforde's characterization of the graded ideals of a Leavitt 
path algebra. We will also show (cf. Proposition 17.261) that if the i?-system (P, Q, ip) satisfies 
condition (FS), then any quotient of a relative Cuntz-Pimsner ring of {P,Q.,ip) by a graded 
two-sided ideal is again a relative Cuntz-Pimsner ring (but of a different system). 

7.1. The classification of graded covariant representations of an i?-system. We 

begin with some definitions and some notation. 

Definition 7.1. Let i? be a ring and let (P, Q,ip) be an P-system. A two-sided ideal I of R 
is said to be ip-invariant if ip{p (S> xq) G / for every p G P, g G Q an x G /. 
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If / is a two-sided ideal of i?, then QI := spanjgx : q & Q, x G /} and IQ := spanjxg : 
q E Q, X E 1} are J-bimodules. Similarly we define IP := spanjxp : p E P, x E 1} and 
PI := spanjpx : p E P, x E 1} which are also J-bimodules. 

Remark 7.2. Observe that if i? is a ring, {P,Q,iIj) is an i?-system which satisfies condition 
(FS), and / is ^/'-invariant two-sided ideal of R, then IQ C QI and PI C IP. Indeed, 
let X E I, then by the (FS) condition there exists 6 = Yl^=i^qi,pi ^ ^p{Q) such that 
xq = Q{xq) = YH=l^q^,P^i.^^) = YH=i1ii'i.Pi ® E QI since ip{pi ® xq) E I for every 
i E {!,..., n}. Similarly one can prove that PI C IP. 

Definition 7.3. Let i? be a ring and let (P, Q, ip) be an i?-system satisfying condition (FS). 
For a two-sided ideal J of we define Ri := R/I, Qi := QjQI and /P := P/IP. We let pi 
be their respective projections. 

It follows from Remark 17.21 that if / is a t/^- invariant two-sided ideal of P, then Qi and /P are 
P/-bimodules. We can in this case define a P/-bimodule homomorphism ipi : iP®Qi — > P/ 

by i/Jiipiip) ® piiq)) = ® g)). 

Observe that we can also define a projection : Cp{Q) — > Cjp{Qi) such that p/(T)(p/(g)) = 
pi{T{q)) for every T E Cp{Q) and q E Q, and then we have that pj{J-'p{Q)) = Tjp{Qi). 
We also define a ring homomorphism A/ : Pj- — > End((5/) by ^i{pi{r))pi[q) = pi{rq) for 
r E R and q E Q. We then have that A/(p/(r)) = p/(A(r)) for every r E R. 

We then have the following straightforward lemma: 

Lemma 7.4. Let R he a ring, let (P, Q, '?^) &e an R-system satisfying condition (FS), and let 
I be a ip-invariant two-sided ideal of R. Then the Rj-system {jP,Qi,ipi) satisfies condition 
(FS). 

Definition 7.5 (Cf. [HI Definition 5.6]). Let P be a ring and let {P,Q,ip) be an P-system 
satisfying condition (FS). A pair u = (J, J) of two-sided ideals of P such that / C J is said to 
be a T-pair of (P, Q, ip) if / is a T/^-invariant ideal and J/ := pi{J) is a faithful T/'z-compatible 
two-sided ideal of Rj. 

Notice that since / C J, we have that pJ'^{Ji) = J- 

Let P be a ring, let (P, Q, ip) be an P-system satisfying condition (FS), and let u = (/, J) 
be a T-pair. Then we define the following maps 

■= ^Ri °Pl ■ R ^ C'{jP,Qi,Vi)(-^/) 5 

''Q '■= ^Qi °Pi '■ Q ' ^{iP,Qi,i'i){Ji) ' 

Lp := i'^/p opr. P > 0(^p^Qj^^j){Ji) , 

where i-q^, ^■pj,0(jP^Qj^^j){Ji)) is the universal Cuntz-Pimsner invariant representation 
of {iP,Qj,ipj) relative to Jj. It is easy to check {^'p, iq, i^%0(^jP^Qj^^j){Ji)) is a surjective 
and graded covariant representation of {P,Q,ip). We will in this section show that the 
family {{tp, Lq, l'^,0(^jP^Qj^^j){Jj)) \ u is a T-pair of {P,Q,ip)} up to isomorphism contains 
all surjective and graded covariant representations of (P, Q, ip). 

Definition 7.6. Let P be a ring, let {P,Q,ip) be an P-system that satisfies condition (FS) 
and let {S, T, a, B) be a covariant representation of (P, Q, V')- Then we define I(s,T,a,B) as the 
two-sided ideal ker a of P. 
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Lemma 7.7. Let R be a ring and let {P,Q,iIj) be an R-system satisfying condition (FS). 
If {S, T, a, B) is a covariant representation of (P, Q, ip), then ker T = QI{s,t,<t,b) o,nd ker S = 

I{S,T,a,B)P- 



Proof. Clearly QI{s,T,cr,B) ^ kerT. Now let q G kerT, then for every p G P we have = 
S{p)T{q) = ai^ifjij) ® q)) and hence ipij) ® q) E kercr = I(s,t,ct,b) for every p E P. By 
condition (FS) there exists 6 = J2^=i^gi,Pi ^'^^h that 6(g) = q and therefore q = 0(g) = 
Er=i ^qi,M = Er=i (li^iPi ® 9) e QI{s,T,a,B) as desired. 

That ker 5* = I{s,T,a,B)P can be proved in a similar way. □ 



Proposition 7.8. Let R be a ring and let {P, Q, tp) be an R-system satisfying condition (FS). 
Let {S,T,a,B) be a covariant representation of {P,Q,ip), and let I(s,T,a,B) be as defined in 
Definition 7.6\ and let J(s,T,a,B) be as defined in Definition \3. 23\ . Then the pair uj(^s,T,a,B) '■= 
iI{s,T,a,B), J{s,T,a,B)) is a T -pair of (P, Q, i)). 



Proof. We let / := I{s,t,ct,b) and J := J(s,T,cr,B)- It is clear that / is a two-sided ideal of R, 
and it follows from Lemma 13.261 that also J is a two-sided ideal of R. It is clear that I ^ J. 

First we prove that / is ^/'-invariant. Indeed, let a; G /, p G P and q E Q. Then (j{ip{p ® 
xq)) = S{p)(T{x)T{q) = 0, so ip^p ® xq) G kercr = J. 

Now let X G J = cr^^ (iiT^si^piQ))) ■ Then there exists 6 G J^p{Q) with a{x) = ttt,s{Q)- 
Thus we have for every q E Q that 



T(xg) = a{x)T{q) = 7rr,5(e)T(g) = T(e(g)) , 



and it follows from Lemma [m that xq — 0(g) G kerT = QL Hence pi{xq) — p/(9(g)) = 0, 
so pi{x)pi{q) = pj{e){pj{q)). Since pi{Q) G J^jp{Qj), it follows that Ai{pj{x)) G Tjp{Qj). 

Now we check that Jj fl ker A/ = 0. Let x G J and assume that pi{x) G ker A/. Then 
xq G QI for every q E Q. But since x E J, there exists = ^"^^ ^qi,Pi ^ ^p{Q) such that 
cr(x) = vrr,s'(0) = Yl^=i'P{^i)^iPi)- It then follows from Lemma im that xq — J2i=i1i'^iPi ® 
g) G kerT = QI, so Y17=i lii'iPi ® Q') ^ QI for every q E Q. Now by condition (FS) there 
exist 6i = YlT=i(^aj,b, E Tp{Q) and 62 = 'E.k=i^ck,dk ^ ^q{P) such that 6i(gi) = qi and 
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©2(^1) = Pi for every i = 1, . . . ,n. Then we have 



a{x) = J2nq^)S{Pi) = J2T{Q^{q,))S{Q2{p^)) 



i=l i=l 
n 



= Y.t[J2^'^.^''M)]s[J2^c,,,sp^ 

i=l \j=l / \k=l 

n / m \ / ' 

= J2'^\Y1 ^i^^^i ®q^)\s{ ^^{pi ® dk)ck) 
i=i \j=i J \k=i 

n m I 

i=i j=i k=i 

ml / n \ 

= ^^T(aj)(T iip{bj(g)'^qii!{pi(g)dk)) j S{ck) 
j=i k=i \ i=i / 

m I 

j=i k=i 

but 6(c/fc) G QI for every k = 1, . . . ,1, and hence ipibj ®Q{dk)) G /. So cr('?/'(6j ® 0((iA:))) = 0, 
from which it follows that = Yll=i'^i^i)^iPi) ~ therefore x G kero" = /. Thus 

Piix) = 0. □ 

Proposition 7.9. Let R be a ring and let {P^Q^ip) an R-system satisfying condition (FS). 
Ifu = (/, J) IS a T-pair, then u = . 

Proof. First notice that -,,'^,c)(^p,q^,^^)(j,)) = kert"^ = ker(6;^^ o pj) = kei pi = / by 
injectivity of t^^^. 

Let a: G J. Then we have that pi{x) G Jj and thus that 

i^Bix) = = vr^^(A,(p/(x))) G 7r-^^(^,p(g,)) = 7r^HP/(^p(Q))) = %.^^(-^p(Q)) , 

and therefore x G ('''^)"H%/^(-^p(Q)))- This shows that J C ^(.-,.-,.^,c>(^p,q^,^^)(j,))- 
Assume now that x G -^(t^/^/^.Of^p^Q^.^^jCJ/))- Then we have 

= ^p(^) e vr..,.(.Fp(g)) = 7r-^HP/(-^p(Q))) = n^'iJ'AQi))- 

Since J/ C Aj^(J^jp{Qj)) and J/ fl ker A/ = 0, it follows from Proposition 13.281 that pi{x) G 
Jj. Thus X e J which shows that </(t-,.5/^,0(^p,Q^,^^)(J7)) ^ □ 

Lemma 7.10. Let R be a ring and {P,Q,tp) an R-system. Let {S,T,a, B) be a covariant 
representation and let I be a ip-invariant ideal of R. Then we have: 

(1) If there is a covariant representation {Si,Ti,ai,B) of {jP,Qi,iIji) such that T = 
Tjopj, S = Siopj and a = ai opj, then I C I{s,T,a,B) ■ 

(2) If I ^ I{s,T,a,B), then there exists a unique covariant representation {Si,Ti,ai, B) of 
{jP, Qi, ipi) such that T = Tj o pj, S = Sj o pj and a = aj o pj . 
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(3) If I ^ I{s,T,a,B), then the covariant representation {Si,Ti,aj, B) is injective if and 

only if I = I(S,T,a,B)- 

(4) If I C Ii^s,T,a,B), then the covariant representation {Sj,Tj,(Tj, B) is surjective and 
graded if and only if {S, T, a, B) is. 

(5) If I I{s,T,a,B) o^nd (/, J) is a T-pair of {P^Q^ip), then the covariant representation 
{Si, Tj, ct/, B) is Cuntz-Pimsner invariant relative to Ji if and only if J ^ J{s,t,ct,b)- 

Proof. If there is a covariant representation (5*/, T/, o"/, B) of (/P, Qi, ipi) such that T = Tjopj, 
S = Si o pj and a = ajo pj, then I C I(s,T,a,B)- 

Assume now that / C I(^s,T,a,B)- It follows from Lemma 17.71 that we can define maps 
a I : Rj — > B by letting cr/(r + /) = cr(r) for every r E R, Tj : Qj — > B by letting 
Tj{q + QI) = T{q) for every q E Q and 5*/ : jP — > B by letting Sj{p + IP) = S{p) for 
every p E P. it is then clear that {Si,Ti,ai, B) is a covariant representation of {iP,Qi,'ipi) 
satisfying T = Tj o pj, S = Sj o pj and a = ai o pj. It is also clear that (5/, Tj, crj, B) is 
the unique covariant representation of {jP,Qi,iIji) with this property. Finally it is straight 
forward to check that (5*/, Tj, aj, B) is injective if and only if / = I(s,T,a,B), that {Sj, Tj, aj, B) 
is surjective and graded if and only if {S, T, a, B) is, and that {Sj, Tj, aj, B) is Cuntz-Pimsner 
invariant relative to Jj if and only if J C J(^s,T,a,B)- D 

Theorem 7.11. Let R be a ring and {P,Q,ip) an R-system that satisfies condition (FS). 
Let {S, T, a, B) be a covariant representation of and let uo = (/, J) be a T-pair of {P, Q, ip). 
Then we have: 

(1) If there is a ring homomorphism t] : Oi^jP^Qj^^j){Ji) — > B such that Tj o l'^ = a, 
Tj o Lq = T and rj o tp = S, then I C I(^s,T,a,B) o^nd J C J(^s,T,a,B) ■ 

(2) If I ^ I(s,T,a,B) and J C J[s,T,a,B), then there exists a unique ring homomorphism 

V{S,T,a,B) ■ ^{lP,Ql,i'l)W ' B such that V(S,T,a,B) ° ^fi = ^{S,T,a,B) ° = ^ ^'^^ 

'^(S',T,a,B) ° t-p = S. 

(3) If I C I(^s,T,a,B) and J C J(s,T,a,B), then V(sTaB) '^^ isomorphism if and only if 
{S, T, cr, B) is a surjective and graded representation and uo = uj{s,T,cr,B) ■ 

Proof. It is easy to check that if there exists a ring homomorphism rj : 0(^jP^Qj^^j){Ji) — > B 
such that r] o l'^ = a, r] o Lq = T and rj o Lp = S, then / C I(^s,T,a,B) and J C J(s,T,a,B)- 

Assume now that / C I(^s,T,a,B) and J C J[s,T.a,B)- It follows from Lemma 17.101 that 
there exists a covariant representation {Si,Tj,aj, B) of {jP,Qi,ipj) which is Cuntz-Pimsner 
invariant relative to J/ such that T = Tj o pj, S = Sj o p^ and a = ctj o pj. It then follows 
from Theorem 13.181 that there exists a ring homomorphism f](sTaB) '■ ^(iP,Qi,'4>i)iJi) — ^ ^ 
such that r](sT(7B) ° ^Ri ~ ^(stctB) ° '^Qi ~ ^"^^ ^{STaB) ° = ^i- It follows that 
V(s,T,a,B) ° ^i? = ^ts,T,a,B) ° = ^ ^ud V(s,T,a,B) ° = S . Sluce C(,P,Q,,^,) ( J/) Is generated 
by t'^{R), Lq{Q) and tp{P), the uniqueness of vfsTaB) follows. 

Assume that vfsTaB) 1^ isomorphism. Then {S,T,a,B) is a surjective and graded, 
and ^(.-^.-^^-^^(^^^^^^^(j^)) = uj(s,T,a,B)- It therefore follows from Proposition O that u = 

^{S,T,a,B)- 

Finally assume that {S,T,a,B) is surjective and graded, and that uj = uj(s,T,a,B)- Then it 
follows from Lemma 17. 101 that (S*/, T/, ct/, B) is surjective, injective and graded, and it is easy 
to check that J/ = Pi{J(s,t,(t,b)) = J(Si,Ti,ai,B), and hence from Theorem 13.291 we get that 
^(5 TaB) 1^ isomorphism. □ 
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We now have the promised classification of all surjective and graded covariant representa- 
tions of a given i?-system satisfying condition (FS). 

Remark 7.12. Let i? be a ring and let {P,Q,ip) be an i?-system satisfying condition (FS). 
Then it follows from Proposition 17.81 and Theorem 17.111 that every surjective and graded 
covariant of {P,Q,ip) is isomorphic to ('•p, '■q, '■'r, C^{jP,Qj,t/'i)('^/)) ^oi some T-pair u = {I, J) 
of (P, Q, ip). It also follows that if ui = (Ji, Ji) and uj2 = {h, -h) are two T-pairs of (P, Q, "^A), 
then there is a ring homomorphism : C(,^p,q,^,^,,j(( Ji)/,) — > 0{i^P,Qi^.^i^){{J2)i2) such 
that (j) o l'^ = i'^ ^ (J) o = and (j) o l'q = l'q if and only if Ji C / and Ji C J2. 

Let P be a ring and let {P,Q,ip) be an P-system satisfying condition (FS). If {I, J) is 
a pair of two-sided ideals of P such that I J, the ideal / is ?/^- invariant and pi{J) C 
'^i^i^iPiQi)), then (4^ o o pi,t-jl^ o p/, 0(^pQ^^^^)(J/)) is a surjective and graded 

covariant representation of (P, Q, ip), even though pi{J) flker A/ 7^ 0, and it then follows from 
the previous remark that this representation is isomorphic to (ip , , , 0(^^,p^Q^,^^^,){Jp)) for 
some T-pair u' = (/', J'). We will now describe this T-pair in terms of the pair (/, J). We 
will begin with the case where I = {0}, but first a lemma: 

Lemma 7.13. Let R be a ring and let {P,Q,ip) be an R-system satisfying condition (FS). 
Ifx e A^\J^p{Q)), q e Q®" andpe P®", then 9g^^p ® 1q G J^p®n+i(g®"+i) and 

(7.1) 7i{9,,,p ® 1q) = i-Qiq)n{Aix))i].ip). 

Proof Choose qi,q2,...,qk G Q and pi,p2,...,Pk G P such that A{x) = Yh=i ^qi,P^■ Then 
we have for G Q*^" and q^ E Q that 

® lQ(g®" ^q^)=q0 xijjrrip ® q'')q^ = ^q® q^^{pi ® Mp ® ^tW) 

i=l 

k k 

= ^q® qiipn+i {{pt ®p)® (g" ® q^)) = ^ ^q®g„p.$§p(g" ® g^)- 
1=1 1=1 

It follows that ^ga;,p (g) 1q = X]i=i dq^q^,p^(^p G J^p®n+i(Q'^"+^) and that 

vr(e,.,p® 1q) = 5^^^(g)^Q(g.)^pfe)4(p) = ^S(^)^(^(^))^p(p)- 
1=1 

□ 

Let P be a ring and let {P,Q,ip) be an P-system. For every x G P we define A"'(x) G 
£p®n(Q®") inductively by letting Ai(2;) = A{x) and A"(a;) = A"-i(x) O 1q for > 2. 

Lemma 7.14. Let R be a ring, let {P,Q,iIj) be an R-system satisfying condition (FS), and 
let J be a two-sided ideal of R such that J C A^^(jFp(Q)). If we let 



/ = {x G J I Vm G N : A'"(x)(Q^™) C g^™J A 3n G N : A"(x) = 0}, 
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Proof. Let x G I(u-'py^^iJ^^O(pQ ^)(J))- Then Lr{x) G T{J). It follows from Lemma [3.211 that 
i-r{.x) = 'P{o,o)(''i?(2^)) £ '-i^l'^) and that there is an n G N such that i^{xq) = Lji{x)L^{q) = 
for every q G Q®"- Since lr and are injective (cf. Theorem 11.71 and Lemma [3.91) it follows 
that X E J and that A"(x) = 0. It also follows from Lemma [3.211 that 

n— 1 rrii 

iR{x) = ir{x) - 7r(A(x)) + (^«(^}) - ^(A^)))^P(P}) 

i=i j=i 

for some G J, G Q®*, G P*^*. We will by induction show that 



(7-2) /^{x) = Y,0^^,r^ 



for every i G {1, 2, . . . , n - 1}. It will then follow that A*(x)(g) = Y^Jl^ qjxiipj{pi^q) G Q®V 
for every z G {1, 2, . . . , n — 1} and every q G Q®*, and thus that x E I . 
For z = 1 we have 

mi 

= = -7r(A(x)) + ^6Q(g))6R(xj)6p(p]). 

Thus we have 

mi / mi 



3=1 \i=i 
and since vr is injective (cf. Proposition 13 . 1 1 ( ) . it follows that Equation (17. 2p holds for i = 1. 
Let G {1, 2, . . . , n — 2} and assume that Equation ( I7.2p holds for i = k. We have that 

mfc mfc+i 

It follows that if qk G Q*^*^ and qi G then we have that 



mj. 



J].^(g|)7r(A(4))4(p?)^^fe)^Q(gi) 

"ifc+i 



and since is injective and Q'^^^ = spanjgfc qi \ qk ^ Q^'', qi G Q}, it follows that 
Equation (17.21) holds for i = k + 1. Hence Equation (17.21) holds for every i G {1,2,...,?t, — 1}. 
We have thus proved that I(i,-'p,i-'Q,ij^,0(pQ^)(j)) — ^- 
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Let X e J and assume that A™'(x)(Q'^"') C Q®™J for all m G N and that there is an n G N 
such that A"'(x) = 0. We will by induction show that there for every i G {1,2, . . . ,n — 1} 
exist G J, g} G p] G P®* such that 

(7-3) A^(x) = ^^,.,,,,, 

and such that A^+i(x) G J^p»>+i(Q®*+^) and 

mi 

(7.4) vr(A'+i(x)) = 

It will then follow that we have 

n— 1 mi 

iR{x) = in{x) - 7r(A(x)) + " ^(A^)))^p(p}) ^ T( J), 

j=i j=i 

and thus that x G /(.j,.j,4,0(p,q,^)(j))- 

Choose qi,q2,...,qk e Q, pi,P2,---,Pk G -P such that A(a;) = Yl'j=i^qj,Pj- It follows 
from condition (FS) that there exist qi,q2, ■ ■ ■ ,qh ^ Q ^-iid Pi,p'2, ■ ■ ■ ,p'h ^ -P such that 
X]f=i ^p[,q'i{Pj) — Pj for every j G {1,2,..., A;}. We then have that 



k k h 



i=i j=i 1=1 

Since A(x)g; G QJ for each / G {1, 2, . . . , /i}, it follows that there exist G J, gj G Q, 
p^ E P such that Equation (17.31) holds for i = 1. It then follows from Lemma [7. 131 that also 
Equation (17. 4p holds for z = 1. 

Assume then that A; G {1, 2, . . . , n-1} and that there exist G J, g*' G Q'^'', p^ G P®^ such 
that Equation (17. 4p holds for i = k. For each j G {1, 2, . . . , m^} choose g(j,i), q{j,2), • • • , ^.n^) ^ 
Q and P(j,i),Po-,2), • • ■,Pu,n,) ^ P such that A(Xj^) = ^^i^ ^go,^),?^,^)- If Q.^ ^ Q®^ and G Q, 
then we have 



.^+HA'=+^(x)(g^®gi)) =5^.^(g|).«(x,^)4(p,')^^fe)^Q(g^) 

I]^q(9J)^q(4^(p? ®9fc)9') 
i=i 

^.^(g|)7r(A(x5))6Q(^(p5®g,)gi) 



i=i \/i=i 
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It follows that A^+i(x) = Y.J=i Y2=i ^q^«>q(j,h),P(j,h)»Pj- condition (FS) there exist q[, • • • , ?r ^ 
Q<S)k+i g^j^^ p'^,p'2, . . . e P«''=+^ such that ZlLi ^pJ.^K^O'^) ® Pj) = ^ Pj every 
j G {1, 2, . . . , m^} and every h E {1,2,..., rij}. We then have that 

j = l /i=l j = l /i=l 1=1 

Since A''+^(x)g; G for each / G {l,2,...,r}, it follows that there exist G J, 

^fe+i ^ Q»k+i^ pk+i ^ pm+i g^^ch that Equation (Q holds for i = A; + 1. It then follows 
from Lemma [7. 131 that also Equation fl7.4p holds for i = k + 1. 

Thus there exist for every i G {l,2,...,r;, — 1} elements G J, G Q®*, p*- G P®* 
such that Equation (17. 3p and fl7.4p hold, and x G I^l-'p^^'q^l-'^^o^p q ^)(J))- This shows that / C 
I(,j ,j ,./ n, ^ / n^, and so we have proved that / = //,./ ,j ,,/ n, ^ r 

We will now show that J = J(4,,j,,^,0(p,q,^)(j))- If 2; G ^, then lr{x) - 7r(A(s)) G 
r(J), so = 7r^(A(x)) and x G ^(4,,;/,4,0(p,q,^)(j))- In the other direction, if x G 

J(L-'p,i-l^,i-l^,0(p Q then it follows from Lemma [3.241 that 6;R(a;) = 7r'^(A(x)) and so lr{x) — 
7r(A(a;)) G T{J). It then follows from Lemma [3.211 that lr^x) = 'P(ofi){LR{x) — 7r(A(s))) G 
lr{J), and since tR is injective, we have x E J. □ 

Proposition 7.15. Let R be a ring, let {P,Q^ip) he an R-system satisfying condition (FS). 
Let (/, J) be a pair of two-sided ideals of R such that I ^ J, the ideal I is ip-invariant and 
pi{J)(ZA-j\j^^p{Qi)). If we let 

/' = {x G J I Vm G N : A™(x)(gf™) C Qf^J^ A 3n G N : A7(x) = 0}, 

then I — I , J J jj J T , J and J — J , jj jj jj / 7 \\ • 

{Lp'^Opi,i^^Opi,ij(^Opi,0(jP^Qj^^j){Jl)) {ip'^Opi,i^^Opi,ij(^Opi,0,^^p^Qj^^j){Jl)) 

Proof. It is clear that we have 

and the result then follows from Lemma 17.141 □ 

7.2. Products and coproducts in C^p^Q^^y We will show that if P is a ring and [P^Q^ip) 
is an i?-system, then C(^p^q^^) has products and coproducts, and we will, in the case where 
(P, Q, Tp) satisfies condition (FS), show how the product and coproduct are related to T-pairs 
of (P,Q,V'). 

Proposition 7.16. Let R he a ring, let (P, Q, ip) he an R-system and let ((S'a, T^, o"a, Bx))x^f^ 
he a family of surjective covariant representations of {P,Q,il)) . 

Then the product of {{S\,T\,a\, Bx))x&a in C^p^q^^) exists; i.e., there exists a surjective co- 
variant representation {SYi^^^(s^^T^,a^,B^),TYi^^^(s^,T^,a^^B^), (^Y\xeKiSx,T^^^M^ BYi^^^is^^T^,a^^B^)) 
of {P,Q,ip) and a family {4>\)\eA of ring homomorphisms (px : Byi^^j^(^Sj,Tj,ctj,Bj) — ^ Bx sat- 
isfying (j)x O ^n,,A(S„T„a„B,) = Sx, <Px O TYl^^^^S„T,,a,,B,) = Tx and 0a O t^n,gA(5„T„a„B,) = 

for all A G A, with the following property: 
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(PR) If {S,T,a, B) is a surjective covariant representation of {P,Q,iIj) and there for each 
A G A exists a ring homomorphism ipx '■ B — > Bx such that ipx ° T = Tx, ipx ° S = 
Sx and ipx ° cr = ax, then there exists a unique ring homomorphism t : B — > 
BuxeASx,Tx,a,,Bx) such that toS = SYi^^^^Sx,Tx,ax,Bx), ToT = TYi^^^(Sx,Tx,ax,Bx) and 
T o a = ctHagaC'S'a.Ta.o'a.Ba)' and such that (t)\o t = ipx for each A G A. 

We furthermore have that the surjective covariant representation 

(•^nAeAC^A.TA.aA.BA)' ^nAeA(-SA,TA,<TA,iJA)' O^Has aC^a ,Ta ,<7a .Ba ) ' %AeA{'S'A,TA,aA,BA)) 

and the family (0a)aga are, up to isomorphism, the unique pair which possesses property 
(PR ) : in fact if {S, T, a, B) is a surjective covariant representation of (P, Q, ip) and {ipx)x(^A 



is a family of ring homomorphisms ipx '■ B — > Bx satisfying ipx ° S = Sx, ipx ° T = Tx and 
ip-^o a = ax for each A G A, and : By[^^^{Sx,Tx,cfx,Bx) — ^ B is a ring homomorphism such 
that if o Syi^^^{Sx,Tx,c.x,Bx) = S,ipo TYi^^^(Sx,Tx,ax,Bx) =T andipo aYi^^^{Sx,Tx,ax,Bx) = then 
if is an isomorphism. 

Moreover, x G BY\^^^{Sx,Tx,crx,Bx) zero if and only if (pxi^x) = for all A G A. 

Proof. Let H = PIasa ker 77(5^ o-a.Ba) where for each A G A the homomorphism ri(^Sx,Tx,(Tx,Bx) '■ 
P{p,Q,ip) — ^ Bx is the homomorphism given by Theorem 1 1.71 If the family {{Sx, Tx, ax, Bx))xeA 
is empty, then we let H = T^p^q^^). Let pH '■ ^p,q,i/.) — ^ P{p,Q,ip)/ H be the corresponding quo- 
tient map, and let Sn^^^iSx^Tx^ax^Bx) = Pholp, TYi^^^{Sx,Tx,ax,Bx) = Pholq, (TY\x^AiSx,Tx,^x,Bx) = 
pH o tR and BYi^^^(Sx,Tx,ax,Bx) = '^p,q,v)/^- We then have that 

i^nxGAiSx,Tx,ax,Bx),TYi^^^(Sx,Tx,ax,Bx), (^nxeAiSx,Tx,ax,Bx), BYl^^^(Sx,Tx,ax,Bx)) 

is a surjective covariant representation of {P, Q, ip). We also have that there for each A G A is 
a ring homomorphism 0a : BYi^^^(^Sj,T,,a,,B,) — ^ Bx satisfying 0a <=> 'S'n,6A('5i,T,,a,,s,) = •S'a, 0a o 
'^n,^AiSj,T„a„B,) = Tx and 0a o crn^,^^(s,,T„a„B,) = c^a, and we have that x G BYi^^^(^Sx,Tx,ax,Bx) 
is zero if and only if 0a (x) = for all A G A. 

If (T, S, a, B) is a surjective covariant representation of {P, Q, ip) and there for each A G A 
exists a ring homomorphism ipx '■ B — > Bx such that ipx ° S = Sx, ipx ° T = Tx and 
ipx° cr = ax, then ker ri(^s,T,a,B) ^ H where rj(^s,T,cr,B) '■ T{p,Q,ip) — ^ B is the homomorphism 
given by Theorem 11.71 and it follows that there is a unique ring homomorphism r : B — > 
BuxeAiSx,Tx,ax,Bx) such that T o S = SYi^^^(^Sx,Tx,ax,Bx), T oT = TYi^^^(Sx,Tx,ax,Bx) and r O 
a = <JYi^^^{Sx,Tx,ax,Bx): and such that (px ° t = ipx for each A G A. If there in addition 
is a ring homomorphism : BYi^^^(Sx,Tx,ax,Bx) — ' B such that ^ o SYi^^^(Sx,Tx,ax,Bx) = S, 
^ ° ^nAeA(SA,TA,,7A,i3A) = T and o (Jiix^^iSx^Tx^ax.Bx) = then r is an inverse of ip, and it 
follows that (p is an isomorphism. □ 

Proposition 7.17. Let R be a ring, let {P, Q, ip) he an R-system and let {{Sx, Tx, ax, Bx))x£A 
be a family of surjective covariant representations of {P,Q,iIj). 

Then the coproduct of{{Sx, Tx, ax, -Ba))aga in C(^p^q^^) exists; i.e., there exists a surjective co- 
variant representation (5uA6A{SA,TA,a„B,), T]j^g^(SA,T„a„B,), c^Ua6a(Sa,Ta,-a,Ba)' %a6a(5a,Ta,<x„b,)' 
of{P,Q,i!) and a family {4>x)x&a of ring homomorphisms 4>x ■ Bx — > Bu^^^(^s,,T„a„B,) sat- 
isfying 0A O Sa = Su^^Js„T„a„B,), 0A O Ta = Tjj^^^(^s„T„a„B,) and <pxOax = (^]l,^^{S„T,,a,,B,) 

for all A G A, with the following property: 

(CO) If {S,T,a, B) is a surjective covariant representation of {P,Q,il)) and there for each 
A G A exists a ring homomorphism ipx '■ Bx — > B such that ipx^ Sx = S , ipx°Tx = T 
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andipxoax = a , then there exists a unique ring homomorphism t : By[^^^{Sx,Tx,(t\,Bx) — ' 
B such thatroSu^^^(^Sx,Tx,ax,Bx) = S, ToTu^^^(^Sx,Tx,ax,Bx) = T and ToaY[^^^^Sx,Tx,ax,Bx} = 
a, and such that t o (px = ipx for each A G A. 

We furthermore have that the surjective covariant representation 

i^UxeAiSx,Tx,ax,Bx),Tu^^^(Sx,Tx,ax,Bx), (^UxGAiSx,Tx,ax,Bx), BUxeAiSx,Tx,ax,Bx)) 

and the family (0a)aga are, up to isomorphism, the unique pair which possesses property 



( CO): in fact if {S, T, a, B) is a surjective covariant representation of {P, Q, ip) and ('?/'a)aga 
is a family of ring homomorphisms ipx '■ Bx — > B satisfying ipx ° Sx = S , ipx ° Tx = T and 
V'A ° c"A = 0" for each A G A, and (f : B — > BY[^^^{Sx,Tx,ax,Bx) a ring homomorphism such 
that ^oS = Su^^^(^Sx,Tx,ax,Bx), ^oT = Tu^^^(^Sx,Tx,ax,Bx) and^oa = (rUxeAiSx,Tx,ax,Bx), then 
(fi is an isomorphism. 

Moreover, if each {Sx, Tx, ctx, Bx) is graded, then the surjective covariant representation 

Proof. Let H be the smallest two-sided ideal of T{^p^q^^) which contains Ux&k^gi rji^Sx,Tx,(Tx,Bx) 
where for each A G A the homomorphism 'r]{Sx,Tx,crx,Bx) '■ T(p,q,^) — ^ Bx is the homomorphism 
given by Theorem 11.71 Let pH '■ '^{p,Q,tp) — ^ T{p^Q'^)/H be the corresponding quotient map, 

and let Sy[^^^{Sx,Tx,<tx,Bx) = Ph° Lr, Tu^^^(^Sx,Tx,^x,Bx) = Ph° Lq, '^UxeAiSx,Tx,ax,Bx) = PH^l^R 

and 5LlAeA(5A,TA,<TA,BA) = '^{P,Q,i^)/H. We then have that 

('S'UAeAC^A.TA.aA.BA)' ^UAeA(-SA,TA,<7A,BA)' O^UAg aC^A ,Ta ,<7a ,Ba) ' ^Ae aC-^a ,Ta .^a ,Ba) ) 

is a surjective covariant representation of {P,Q,iIj). We also have that there for each A G A 
is a ring homomorphism (px ■ Bx — > BY[^^^^Sj,Tj,aj,Bj) satisfying cpxo Sx = 5']j^g^{Sj,T,,<7,,Sj), 

0A O Ta = Tu^^^^S,,T„a„B,) and (pxO(rx= (^Uj^^iS^T.^a.^B,). 

If {Sx,Tx,crx, Bx) is graded, then ker ?7(s^^Ta,o-a,-Ba) a graded two-sided ideal of T(^p^Q^^y It 
easily follows that if each {Sx,Tx,<7x, Bx) is graded, then if is a two-sided graded ideal of 

^P,g,V), and thus that (^UAeAC-^A.TA.aA.BA)' ^UAeAC^A.TA.^A.BA)' ^UAeAC-^A.TA.aA.BA)' BlJxe^{Sx,Tx,ax,Bx)) 

is also graded. 

If {S, T, a, B) is a surjective covariant representation of (P, Q, ip) and there for each A G A 
exists a ring homomorphism ifjx : Bx — > B such that ipx°Sx = S, ip\°Tx = T and ipx°crx = o", 
then H C ker ri(^s,T,cT,B) where rj(^s,T,a,B) '■ T{p,q,i(>) — ^ B is the homomorphism given by Theo- 
rem [TT71 and it follows that there is a unique ring homomorphism r : BY[^^^(^Sx,Tx,ax,Bx) — ^ B 

such that T O Su^^^(^Sx,Tx,ax,Bx) = S,TO Tu^^^^Sx,Tx,ax,Bx) = T and T O au^^^(Sx,Tx,ax,Bx) = ^, 

and such that t o (p^^ = ip^ for each A G A. If there in addition is a ring homomorphism 

<^ : B > Bu^^^(Sx,Tx,ax,Bx) such that <^ O S = Su^^^^Sx,Tx,ax,Bx), <^ O T = Tu^^^(^Sx,Tx,ax,Bx) 

and (fi o a = o'u^^j^i^Sx,Tx,crx,Bx)j then r is an inverse of (f, and it follows that (f is an isomor- 
phism. □ 

Lemma 7.18. Let R be a ring and let {P,Q,iIj) be an R-system. If {Si,Ti,ai, Bi) and 
(52, T2, (72, -B2) are two covariant representations of {P,Q,ip) and (p : Bi — > B2 is a ring 
homomorphism satisfying (p oTi = T2, (p o Si = S2 and (p o ai = a2, then the following holds: 

(1) If {S2,T2,a2, B2) is injective, then so is {Si,Ti,ai,Bi). 

(2) If (p is surjective and {S2, T2, o"2, B2) is surjective and graded, then so is {Si, Ti, ai, Bi). 
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Proof. That ([I]) holds is obvious. If is surjective and (5*2, T2, (T2, -B2) is surjective and 
graded, then it follows from Proposition 13.21 that ©nez^(52,T2,(72,B2)('^PQ ^)) is a grading of B2. 

It follows that ©nGZ^(5i,Ti,(7i,Bi)('^PQ ^)) IS a grading of Bi, and thus that {Si,Ti,ai, Bi) is 
graded. □ 

Proposition 7.19. Let R be a ring, let {P,Q,ip) be an R-system satisfying condition (FS) 
and let VL = (co'A)AeA = ((-^a, -^A))AeA be a non-empty family of T -pairs of (P, Q, ip). For each 
A G A denote by V\ the covariant representation {^p^ , Lq' , i^'^r ,Oi^j^p^Qj^^Rj^){{J\)i^)) . Then 
we have: 

(1) If we let J^n = ^\eKh and Jyiq. = Hx^aJx, then the pair ujjn = {Inn, Ju^) is a 
T-pair of {P,Q,iIj), and the covariant representation 

i^YlxeA Ta ' Tyi^eA Ta ' ^Haga Ta ' %AeA Ta ) 

is surjective and graded, and it is isomorphic to 

(2) If we let I be the smallest two-sided ideal of R containing Uaga-^A; ^un be the small- 
est two-sided ideal of R containing Uaga-^a and /jj^ = {x G Jjjq | Vm G N : 
A?(x)(Qf'") C Qr(JuQ)/ A 3n G N : A?(x) = 0}, then the pair uun = (/un, Jm) 
is a T-pair of {P,Q,ip), and the covariant representation 

("^Uas A Ta . ^Uas A Ta . ^Uasa Ta . %a6 a Ta ) 

is surjective and graded, and it is isomorphic to 

/ (/ 1 \ \\ 

[Lp ,Lq ,U^,^^p,Q,^^,^,^^)[{Jun)i^jJ) . 

Proof. ([1]): It follows from Lemma [7.181 that the surjective covariant representation 

(•^Hasa Ta ' ^Hasa Ta ' f^HAsA Ta ' %AeA Ta ) 

is graded. It therefore follows from Proposition 17.81 and Theorem 17.111 that 

(•^Has A Ta ' ^Has A Ta > ^Haga Ta . %Ae a Ta ) 

is isomorphic to {tp, Lq, l'^, (^(/P.Qj.i/ij) (<//)) for some T-pair u = (/, J) of (P, Q, It follows 
from Lemma 13.241 and Proposition 17.161 that we have 

xel ^ (Tu^^j^T^x) =0 ^ VA G A : = ^ X G DxeAh = Inn 

and 

ilAeA^AV / -'nAeATA'^'nAeArA ^ ^ 

^ VA G A : = 7r,^,,^(A(a;)) ^ a; G Haga^a = ^n^^ 

from which ([1]) follows. 

([2]): It follows from Proposition 17. 17l that the representation 

(•^Uasa Ta ' ^Uasa Ta ' ^Uaga Ta ' %AeA Ta ) 

is surjective and graded. 
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It is easy to check that / C Jjj^, that / is -i/^-invariant and that p/(J]jn) ^ ^/ "'^(•^/p(Q/))• 
It therefore follows from Proposition 17.81 and 17. 151 that (/jjj^, Ju^) a T-pair of {P^Q^ip). 

We have for each A G A that I\ ^ lY[n and J\ ^ Jy[q. so it follows from Proposition 17.91 
and Theorem 17.111 ([2]) that there exists a ring homomorphism 

such that ip\ o i"^-^ = i"^"^ " , tpxo Lq = Lq^ " and tpx o = " . 
We will show that there exists a ring homomorphism 

such that (f)oi^'^ = cru^^^Fx^ 4>°i-q^^^ = '^Uxsa'^>^ (f)OL^'^ = S^j^^^rx- It will then follow 
from Proposition 17.171 that the two representations 

(%A6A Ta > ^Ua^a Ta > ^Ua6A Ta ' ^AeA Ta ) 

and 

are isomorphic. 

We have for each A G A that there is a ring homomorphism 0a : ^[i^p,Qi^,Ri^){.{.J\)ix — ^ 
^asaTa such that <Px o C = ^UasaTa' '/'a o = Tjj^^^r, and 0a o = ^UAeATA- It follows 
from Theorem 17.111 that we have 



and 

We therefore have that 



h ^ -^(5u;,gArA'^UAeArA''^UAeArA'%AeArA) 



^A ^ ^(•5uAgArA'^UAeArA''^UAeArA''^UAeArA)' 
^ - -^(•5'UAeArA'%AeArA'°'UAeArA''^UAeArA) 



and 

C^-^) -^Un ^ JiSuxeArx'^UxeArx'-UxeArx'^UxeArxy 

It then follows from Lemma lY. lOl that there exists a covariant representation (5*, T, a, B-^^^^Tx) 
of {iP,Qi,iJi) such that S o pj = S^^^^Tx, T o pj = T^^^^Tx and a o pj = a^^^^rx- 
It follows from Equation fl7.5p that this representation is Cuntz-Pimsner invariant relative 
to {Jun)i, and it then follows from Theorem 13.181 that there is a ring homomorphism rj : 

0(jP,Qr,i,r){{Jm)i) — ' ^asaTa such that r?o4^U"^' = a, V°'^qI^"^' = T and 1^0^^''^' = S. 
It follows from Proposition 17.151 that the two representations 

/ f^Un '^Ilf! '^Iin //J \ \\ 

\^Lp ,6q ,6p ,c;(,^^P,Q,^^,^,^^)^Juf^)/uJj 

and 

/ (-^iin)/ [Ju^)' /n u T \ w 

{^,P °pi,^Qj °ph^Rj ° pi,(^{iP,Qi,i>i){{Jm)i)) 

are isomorphic, and it follows that there exists a ring homomorphism 

<P ■ Oi,^^P,Q,^^,R,^^){{Jun)iuJ ^asaTa 
such that o i'^u " = du^^^ r, , o " = T^^^^ and o ip" " = ^^^^^ . □ 
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Remark 7.20. Let i? be a ring, let (P, Q, ip) be an i?-system and let ((^a, Tx, ax, -Ba))aga be 
a family of injective and surjective covariant representations of {P,Q,iIj). Then the product 

(%AeA(5A,TA,aA,BA)>^nA6A(5A,TA,aA,BA)'^nAgA('5A,TA,<TA,BA)'%ASA(5A,TA,<T;,,B;,)) IS alsO iujeCtive aud 

surjective, but the coproduct 

('S'UAeA(5A,TA,<TA,BA)' ^Uaga(5a,Ta,<ta,Ba)' mxeA(Sx,T^,^x,B^], Bu^^^(Sx,Tx,<tx,Bx)) 

is not necessarily injective. Example 14.111 gives us an example of this phenomena. 

7.3. Graded ideals of (9(pq^)(J). Let i? be a ring and {P,Q,ip) an i?-system satisfying 
condition (FS). We will now show how the classification of surjective and graded representa- 
tions of {P,Q,4') can be used to describe the graded two-sided ideals of C(p^q^^)(J) for any 
faithful 'i/'-compatible two-sided ideal J of R, and in particular of T(^p^Q^ip) and 0{^p^q^^) (if it 
exists) . 

Definition 7.21. Let i? be a ring, let {P,Q,tp) be an i?-system satisfying condition (FS) 
and let be a two-sided ideal of R such that K C A^^{J^p{Q)) and K fl ker A = 0. For a 
two-sided ideal H of Oi^p^q^^){K) we define two two-sided ideals and Jj^ of R by 

■.= {xeR \ 4{x) e H} and := {x e R \ 4{x) eH + J^p(g)} . 

We set = {Ih,Jh)- 

Proposition 7.22. Let R be a ring, let [P^Q^ip) he an R-system satisfying condition (FS) 
and let K he a two-sided ideal of R such that K C /\r^[Tp{Q)) and i^Tlker A = 0. For a two- 
sided ideal H of 0(^p^q^^){K) , denote hy pn the projection from 0(^p^q^^){K) to 0^p^q^^){K) /H . 
If we consider the covariant representation 

{Sh,Th, an, 0(^p^q^^^{K)/H) := {pn o Lp, pn o Lq, Ph o ^r, 0(^p^q^^){K)/H), 

then we have that uj^ = uj(^Sh,t„,cth,0(p q ^){k)/h)- Hence is a T-pair satisfying K C . 

We furthermore have that the representation {Sh,Th,o'h,0(^p^q^^-^{K)/H) is graded if and 
only if H is graded. 

Proof. By using that p^ o = an and pn o = 71th,Shj is straightforward to check 
that /f = I{Sh,Th,^h,o^p.q,^^{k)/h) and = J{SH,T„,aH,o^p,Q,^^{K)/H), and thus that = 
^{SH,T„,aH,o^p_Q^^)(K)/H)- It is also easy to check that K C J§. That uj^sH,TH,aHO(^p,Q^^)(K)/H), 
and thus u^, is a T-pair follows from Proposition 17.81 

Assume that H is graded. If x = X^!^! ^ ^ where each x"'^ G pk{Fi^pq ^)), then each 
x"' G H. This shows that ®n&pH{pK{F^p^Q ^^)) is a grading of 0(^p^q^^){K) / H , and it follows 
that {SH,TH,(yH,0(^p^Q.^){K)/H) is graded. 

If (5"^, Th, (Th, 0{p^q^^){K)/H) is graded and x = Xl^i a;"" G H where each x"-' G PkC^^^q^^)), 

then each p//(x*^"'-*) = which shows that H = (Bn&z{pK{Fi^p]^ ^)) H H), and thus that H is 
graded. □ 

Lemma 7.23. Let R he a ring, let (P, Q, ip) he an R-system satisfying condition (FS) and let 
K he a faithful ip-compatihle two-sided ideal of R. If oj = (/, J) is a T-pair such that K ^ J, 
then there exists a unique surjective and graded ring homomorphisms \E'^ : 0(^p^q^^){K) — > 
Oup,Q„i.MJi) ^^c/i ihat ^5 o 4 = o = and o ^ = . 
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Proof. We have that (ip, tg, l'^, C'(jP,Q/,V'/)('^/)) is a surjective and graded covariant represen- 
tation of {P,Q,ip), and since K ^ J, this representation is Cuntz-Pimsner invariant relative 
to K. The uniqueness and existence of then follows from Theorem 13.181 It is easy to 
check that is graded. □ 

Definition 7.24. Let i? be a ring, let {P,Q,il!) be an i?-system satisfying condition (FS) 
and let be a faithful ^/'-compatible two-sided ideal of R. Given a T-pair u = (J, J) such 
that K <Z J. We define H,^ to be the two-sided ideal ker of R where is as in Lemma 

Lemma 7.25. Let R he a ring, let {P,Q,iIj) be an R-system satisfying condition (FS) and 
let K be a faithful ip- compatible two-sided ideal of R. If u = {I, J) is a T-pair such that 
K C J, then is a graded two-sided ideal of 0(^p^q^^){K) and satisfies Uhk = uo. 

Proof. Let be the homomorphism from Lemma 17.231 That is a graded two-sided 
ideal follows from the fact that is graded. 

To show uihk = we have to show that / = (i^)~"^(ker and that J = {L^)~^(keT'^^ -\- 
TT^iJ^piQ))). "if X e I, then = = 0. Thus I C (4)-i(ker ^5). If 

X E R and = 0, then L'j{^{p{x)) = 0, and since L'j{^ is injective, it follows that 

X G ker Pi = L Thus / = (4)~Hker ^^). 

Let X E J. Then pi{x) G J/, so we have 

Thus there exist qi,q2, ■ ■ ■ ,<ln & Q and pi,P2, ■ ■ ■ ,Pn & P such that 

n 
i=l 

We then have that 4(3;)-Er=i '^Q{Qt)'^p{Pt) ^ ker ^ff , which shows that J C (4)"^(ker ^ff + 
vr^(^p(Q))). 

Let := l"^^ o pi, := i^Qj ° Pi and S^^ := L'^^p o pi. It follows from Proposition 17.91 that 

o"a;H^T„,5„(-^p(<5))) = J. li X e R, y e ker gi,g2, e Q, pi,p2,---,Pn e P and 

= y + ^^^^ then 



1=1 

n n 

SO X G J. Thus J = {4)-\keT + tt^ {J^p{Q))). □ 

Proposition 7.26. Let R be a ring, let {P^Q^ip) be an R-system satisfying condition (FS) 
and let K be a faithful ip- compatible two-sided ideal of R. Let H be a two-sided ideal of 
C(p,Q,v>)(-^) (ind let oj = (/, J) be a T-pair of (P, Q, Let pu denote the quotient map from 
0(p,Q,^){K) to 0(p^Q^^){K)/H. Then we have: 

(1) If there exists a ring homomorphism T : 0(jP^Qj^^j){.Ji) — > 0(^p^q^^){K) / H such that 
T o i'^ = pH o t^, T o l'q = pH ° i-Q and T o Lp = pn o Lp, then I ^ 1^ and J C .J^ . 
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(2) If I C ij^ and J C , then there exists a unique ring homomorphism T : Oi^jP^Qj^^j){Ji) — 
^{p,Q,ii)i^)/ H such that T o t"^ = pjj; o l^, T o = pjj o Lq and T o Lp = pH o Lp. 

(3) UI^Ih and J C jf , then the ring homomorphism T is an isomorphism if and only 
if H is graded and = uj. 

Proof. ([1]): Assume that there exists a ring homomorphism T : 0(^jP^Qj^^j){Ji) — > 0(^p^q^^){K)/ H 
such that T o l'^ = pjj o t^, T o Lq = pu o and T o = p^ o tp. If x E I, then it follows 
from Proposition 17.91 thatpMUpix)) = T{tp{x)) = 0, so x E I§. If x E J, then it follows 
from Lemma 13.241 and Proposition 17.91 that 

Ph{4{x)) = T{l-^{x)) = T(7r,.,.(A(x))) = pH(vr^(A(x))), 

so a; G . 

([2]): Assume that I ^ 1^ and J C .J^. Let {SH,TH,a'H,0(^p^Q^^-){K)/H) be as in Propo- 
sition [7221 Then we have (J, J) C uj^ = uj(^Sh,Th,(th)i the existence and uniqueness of T 
follows from Theorem 17.111 

([3]): It also follows from Theorem 17. Ill that T is an isomorphism if and only if the represen- 
tation {Sh,Th,o-h,0(^p^q^^){K)/H) is surjective and graded and uj = ^^{Sh,Th,<th) — ^h- The 
representation {Sh,Th,<7h,0(^p^q^^){K)/H) is always surjective, and it follows from Proposi- 
tion 17.221 that it is graded if and only if H is graded, and the desired result follows. □ 

Theorem 7.27. Let R be a ring and let {P,Q,iIj) be an R-system satisfying condition (FS). 
Let K be a faithful ip- compatible two-sided ideal of R. Then 

H^uj^, uj^H^ 

is a bijective correspondence between the set of all the graded two-sided ideals H of 0(^p^q^^){K) 
and the set of all T -pairs uj = (/, J) of {P,Q,ip) satisfying K ^ J. This bisection preserves 
inclusion, and if {H\)\^t^ is a non-empty family of graded two-sided ideals of 0{^p^q^^){K) and 
VL = {uJh)^)x€Aj then H^^^ = Hx^aHx and H^^^ is the smallest two-sided ideal of 0(^p^q^^){K) 
containing Ux^^Hx. 

Proof. If cij = (/, J) is a T-pair of (P, Q, ip) satisfying K C then it follows from Lemma 
17.251 that is a graded two-sided ideal of 0(^p^q^^){K), and that uj^k = i^- 

If i7 is a graded two-sided ideal of 0(^p^q^^){K), then it follows from Proposition 17.221 that 
uj§ is a T-pair of {P,Q,tlj) satisfying K C . Let be the unique ring homomorphism 
vE^^ : 0(P,Q,v,)(^) — ^ OaP,Q„v.,)(^/) satisfying vl/^o^ = vE^^o.^ = and vE^^o.f = 
Let (/, J) = UJ = uj^. Then it follows from Proposition 17.261 that there is a ring isomorphism 
T : C(,p,Q,,v,j)(^/) — ' 0^p^Q^^){K)/H such that T o l'^ = p^ o if, T o l"^ = p^ o and 
T o = pjj o Lp. We then have that T o \[/^ is the quotient map from 0(^p^q^^){K) to 
0(P^Q^^){K)/H, and it follows that H^k = ker = H. 

Thus H I — y uj^ and uj i — > is a bijective correspondence between the set of all the 
graded two-sided ideals of 0(p^Q^^)(i^') and the set of all the T-pairs uj = (/, J) of {P.Q.ip) 
satisfying K ^ J. It is easy to check that the correspondence preserve inclusion. 

Let {Hx)xeA be a non-empty family of graded two-sided ideals of 0(^p^q^^){K) and let 
Q = {uj^^)xeA- For each A G A let {Sh^, Th^, cth^, 0(^p^q^^){K) / Hx) be as in Proposition 17. 22[ 
It follows from Proposition 17.261 that {SH^,TH^,aH^,0(^p^Q^^){K)/Hx) is isomorphic to the 
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covariant representation 

It therefore follows from Proposition 17.191 that there exists a ring isomorphism 

satisfying 0oan,g^(s„T„a, A) = ^r"", 0°^nA6A(5A,n,a„B,) = ^q"" and 0o5n,g^(5„T„a„B,) = 
. 

If X G then we have for all A G A that aHxi^) — '^TH^Sni^i^)) = it thus follows 

from Proposition [nSl that an,^^(s„n,.„B,)(a;) = ^Tn,^^(s„T„.„B,),Sn,,^(s„T„.„B,) 
Thus the covariant representation 

{^nxeAiSx,T^,'rx,B^),TYl^^^(S^,T^,a^,B^), (^UxeAiSx,Tx,ax,Bx], BYl^^^(Sx,Tx,ax,Bx)) 

of {P,Q,ip) is Cuntz-Pimsner invariant relative to K. It therefore follows from Theorem 
13.181 that there exists a ring homomorphism r] : 0(^p^Q^jp){K) — > -^nAeA('S'A.^A.o'A.SA) such that 

no 4 = (TYi^^^^Sx,Tx,.x,Bx)^ V°Lq= Tu,^^iSx,Tx,ax,Bx) and rioi^ = %g^(5„T„<x„B,)- We then 
have that 

is a ring homomorphism satisfying (porj o = " , (f)orjo Lq = Lq^ " and (porj o ip = l^P " . 
It therefore follows that = ker((/)ory) = kerr/, and since it follows from Proposition 17. 161 

that kerr] = HxeAHx, we can conclude that = HxeAHx- 

It follows from Proposition 17.171 17.191 and 17.261 that there for each A G A exists a ring 
homomorphism tpx ■ 0{^p^q,^){K) / Hx — > 0(p^q^^){K)/ such that ^jx o (Th^ = (^h^ , 

J-i T T ^ 

V'A o Th^ = TfjK and ibx o = Suk . It follows that ibx o (p//, = fp-irA' , and thus that 

"U" '^11 n ^ '^U" 

Let if be a two-sided ideal of 0(^p^q^^){K) containing UxeA^x- Then we have for each A G A 
that there exists a ring homomorphism ipx '■ 0^p^q^^){K)/ Hx — > 0(p^q^^){K) / H such that 
i^x ° (^Hx = i^x o = Tfj and ipx ° '5'/^^ = 5*/^. It therefore follows from Proposition 17. 171 
and 17.191 that there exists a ring homomorphism 



T : 



satisfying r o i'J^^" = p^j o i;^, r o Lq^'^ = o and r o = p^o i^. It then follows that 
r o \I';^f = pff and thus that H,^ = ker C H. Hence H,^ is the smallest two-sided 

ideal of 0(^p^q^^){K) containing UAeA-f^A- D 

Corollary 7.28. Let R be a ring, let {P,Q,ip) be an R-system satisfying condition (FS). 
Then 

is a bijective correspondence between the set of all the graded two-sided ideals H of T(^p^q^^) 
and the set of all T -pairs uj = (J, J) of {P^Q^ip). This bisection preserves inclusion, and if 
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{Hx)\^\ is a non-empty family of graded two-sided ideals ofTi^p^q^^) and VL = (cj^^ )AeA, then 
Hu^^ = r\\(z\Hx and H^^^ is the smallest two-sided ideal ofT(^pQ^) containing Ux^z^Hx. 

Corollary 7.29. Let R be a ring, let {P,Q,iIj) be an R-system satisfying condition (FS) 
and assume that there exists a uniquely maximal faithful ip- compatible two-sided ideal K of 
R. Then 

is a bijective correspondence between the set of all the graded two-sided ideals H of 0(^p^q^^) 
and the set of all T-pairs u = (/, J) of {P,Q,ip) satisfying K C J. This bijection preserves 
inclusion, and if {Hx)xeA is a non-empty family of graded two-sided ideals of Oi^p^q^^) and 
VL = {uj^JxeA, then H^^^ = Hx^aHx and H^^^ is the smallest two-sided ideal of Of^p^Q^^) 
containing UxeAHx- 

Example 7.30. Let us once again return to Example 11.91 We saw in Example 15.51 that if R 
is a ring with local units, ip G Aut(i?), P = R^, Q = R^-i and 

ij-.P^pQ ^R 

p0q I — >p(p{q), 

then {P,Q,ip) is a -R-system which satisfies condition (FS), kerA = {0}, A^^(jFp((5)) = R, 
and 0(^p^Q^^) = 0(^p^Q^^){R) is the universal ring generated by elements { [r, /c] : r G -R, G Z} 
satisfying [ri, k] + [r2, k] = [ri +r2,k] and [ri, fci][r2, k2] = [ri(p''^{r2), ki + /C2]. 

It is easy to see that a two-sided ideal J of i? is ^/^-invariant if and only if ^{I) C /. It is 
also easy to see that if / is a -j/^-invariant ideal, then kerA/ = ip~^{I) -(- /. Thus {I,R) is a 
T-pair if and only if / is a two-sided ideal of R such that = /. It therefore follows from 
Corollary 17.291 that we have a bijective correspondence between (yj-invariant ideals of R and 
graded two-sided ideals of 0(^p^q^^) which takes a ^/'-invariant ideal / to the graded two-sided 
ideal {[x, k] G C(p,q,,/,) : x E I, G Z}, which is isomorphic to the crossed product I x^Z. 

It is easy to see that if we by (pi denote the automorphism of Rj = R/I induced by ip, 
then jP = {R/I)^j and Qj = {R/I)^-i. It follows from Proposition 17.261 that the quotient 
of 0(p^Q^^) by the ideal {[x, /c] G 0(^p^q^^) : x G /, /c G Z} is isomorphic to 0(^jP^Qj^^j){Rj) = 
^{iP,Qi,i(>i) ^'^^s crossed product (R/I) x^^- Z. 

Example 7.31. Let E = {E^,E'^) be an oriented graph and F a commutative unital ring. 
Let R be the ring and (P, Q, ip) the i?-system associated with E in Example 11.101 and Example 
15. 8[ For an ideal / of R, let H = {v e E^ : 1^ e I}. We then have that / = span/;.{l„ : v e I}. 
We may identify Rj with spanp{pj{lv) : t> G \ H}. It is easy to see that I is ■^/'-invariant 
if and only if the set of vertices H is hereditary, i.e. whenever e & E^ with s(e) G H then 
r(e) G H. In that case we have 

IP = span/^{le : ee E^, r(e) G H} and QI = spanp{le : e G r(e) G H} , 

so we may, and will, identify jP with spanp{pj{le) : e G E^, r(e) ^ H} and Qi with 
spa.iap{pi{le) : e G E^, r(e) ^ H}. We then have that that 

kerA/ = span{p/(lt,) : v G dH or s~^(v) = 0} C kerA 
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where dH := {t> G : < |s ^{y)\ < oo and r(s ^{y)) C H}. The set H is called saturated 
if 9if C if. We define the set of breaking vertices of H to be 

Bh ■■= {v e Elf \H -.Ok \s-\v) n r-i(E° \H)\<oo} 

where E^^jr = {v G E^ : = oo}. We then have that 

Aj\j^^p{Qj)) = span{p/(l,) : v G E^^ \ H or v E Bh} 

where E^^ := G E° : < \s~\v)\ < oo}. 

Let J be an ideal of R. Then / U A~^(jFp(Q)) C J if and only if we for all f G if 
and all v E E^ with < < oo have that 1^ G J, and we have that pi{J) C 

A7^(J^,p(g/))n(ker A/)^ if and only if we for v G E^H with 1^ G J have that v G E'^^^gUBn, 
V ^ (9ii and s~^(t>) 7^ 0. So if ii is not saturated, then there does not exist any ideal J of R 
such that iUA-i(J^p(Q)) C J and pi{J) <Z Aj^{J^^p{Qi))n(keT Ai)^; and if ii is saturated, 
then there is a bijective correspondence between ideals J of R such that lU A~^{J-'p{Q)) C J 
and pi{J) C Aj^{J^jp{Qi)) fl (ker A/)-*-, and subsets of Bh. This correspondence takes a 
subset S of Bh to the ideal span^^jl^, :fGiiUS'orO< < 00}. 

So it follows from Corollary 17.291 that there is a bijective correspondence between pairs 
(ii, S) where ii is a hereditary and saturated subset of E^ and is a subset of Bh, and 
graded ideals of C(p,q,^). This correspondence takes a graded ideal K to (ii, S) where 

H = {v e E^ -.p^ e K} 

and 

S = {v e Bh : Pv - ^ XeVe e i^} . 

ees-i(i;)nr-i(£;o\H) 

It takes a pair (ii, 5*) to the graded ideal generated by 

{p^ : G ii} U {p^ - ^ Xe?/e : G 5} . 

Thus we recover the result of |22l Theorem 5.7(1)]. 
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